
Radboud University Nijmegen

Faculty of Science

The Brunn–Minkowski Inequality

Thesis BSc Mathematics

Author:
Luc Koenen

Supervisor:
Annegret Burtscher

Second reader:
Riccardo Cristoferi

26 May 2022



Contents

1 Introduction 2

2 Background 4
2.1 Convex bodies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 The Lebesgue measure . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 The Arithmetic-Geometric mean inequality . . . . . . . . . . . . 9

3 The Brunn–Minkowski inequality in Euclidean space 11
3.1 The inequality for convex bodies and a generalization . . . . . . 11
3.2 Geometric proof of the general Brunn-Minkowski inequality with

boxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.3 Equivalent forms of the Brunn–Minkowski inequality . . . . . . . 13
3.4 The Prekopa–Leindler inequality . . . . . . . . . . . . . . . . . . 14

4 Applications and generalizations 17
4.1 The isoperimetric inequality . . . . . . . . . . . . . . . . . . . . . 17
4.2 Mixed volumes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4.2.1 The Steiner formula . . . . . . . . . . . . . . . . . . . . . 20
4.2.2 Sketch of proof of Theorem 4.3 . . . . . . . . . . . . . . . 21

4.3 Minkowski’s first inequality . . . . . . . . . . . . . . . . . . . . . 23
4.4 The Aleksandrov–Fenchel inequality . . . . . . . . . . . . . . . . 25

1



1 Introduction

In the late 19th century Hermann Brunn was studying ovals and egg forms for his
PhD thesis [1]. This was an early study of a field we now know as convex body
theory. In his thesis he discovered an inequality relating the sum of volumes of
egg forms. An innocent looking connection which turned out to be a corner-
stone in modern convex body theory. The importance of Brunn’s inequality was
emphasized by Hermann Minkowski in [8], who gave a proof of the inequality
in n-dimensional Euclidean space a year after Brunn released his thesis. The
inequality is since known as the Brunn–Minkowski inequality and reads

|(1− λ)A+ λB|1/n > (1− λ)|A|1/n + λ|B|1/n, (1)

where A and B are convex bodies in Rn and 0 6 λ 6 1. Here |.| denotes the
volume and + denotes the Minkowski sum which will be defined in detail in the
following section.

The Brunn–Minkowski inequality is the starting point of a rich theory of
geometric and even analytic inequalities, with many applications to optimization
problems The branch of convex body theory concerning volumes of convex bodies
and the Minkowski sum is also called the Brunn–Minkowski Theory, which is
covered in the book of Schneider [11].

One of these related geometric inequalities is the isoperimetric inequality for
convex bodies in Rn. In itself an even more famous inequality than the Brunn–
Minkowski inequality that links the perimeter of a convex body to its volume

Per(A) > n|B|1/n|A|1/n, (2)

where A is an n-dimensional convex body, Per(A) is the perimeter of A and B
is the unit ball. Equality is achieved if and only if A is itself an n-dimensional
ball. In 2 dimensions the equality case thus uniquely characterizes the circle by
the property that among all simple closed plane curves of given length L, the
circle of circumference L encloses maximum area!

In this Bachelor thesis we will take a look at the Brunn–Minkowski inequal-
ity , several related inequalities including the isoperimetric inequality and some
other concepts that are central in Brunn–Minkowski theory. We will specifically
give an introduction to mixed volumes and state the Aleksandrov–Fenchel in-
equality, that generalizes the Brunn–Minkowski inequality. In Figure 1 below an
overview is given of all the inequalities that will be discussed.

We will start by introducing the necessary mathematical tools in Section 2.
In particular, we need some basics of measure theory, because already in the first
proof of the Brunn–Minkowski inequality in Section 3.2 we put the inequality in
the more general setting of Lebesgue measurable sets. In this form the inequality
is called the general Brunn–Minkowski inequality. We do this because the proof
becomes way simpler in this setting, and it gives a great geometric feeling of the
Minkowski sum.
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Figure 1: The different inequalities treated in this thesis and how they relate to
each other. For a more complete picture see the survey article of Gardner[6].

After proving some equivalent forms of the inequality, we introduce and give
a proof for the Prèkopa–Leindler inequality in Section 3.4, an integral inequality
where the geometry is hidden. Using Prèkopa–Leindler we give a second proof
of the general Brunn–Minkowski inequality. This provides a link to a field of
analysis called analytical convex geometry.

After this tour in the more general setting of measure theory, we return to
convex bodies to prove the isoperimetric inequality in Section 4.1. This impor-
tant inequality follows immediately from the Brunn–Minkowski inequality and
the Minkowski–Steiner formula for the perimeter. Unfortunately we do not re-
cover the equality condition this way. To find this we need a new concept that
arises from convex body theory, namely mixed volumes. The final few sections
of my thesis are concerned with this concept.

Mixed volumes are the second major branch of Brunn–Minkowski Theory
that comes into play through the Minkowski sum of convex bodies, which will
be introduced in Section 4.2. Mixed volumes are functionals that arise in the
study of linear combinations of convex bodies which can have various geometric
interpretations. For a concrete convex body a mixed volume can for example
give the volume or the perimeter of the convex body.

In the final section we introduce the Aleksandrov–Fenchel inequality, a very
general set of mixed volume inequalities. We conclude the thesis by showing how
the Brunn–Minkowski inequality can be recovered from the Aleksandrov–Fenchel
inequality, giving a third and final proof of the Brunn–Minkowski inequality.
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2 Background

The Brunn–Minkowski inequality is an equality that relates volumes of sets to
the volume of the sum of sets. The original language of the inequality is the
language of convexity, convex bodies and Minkowski sums on the real Euclidean
vector space, Rn. Nowadays, when talking about volumes of subsets in Euclidean
space it is natural to use the language of measure theory, in particular, the notion
of the Lebesgue measure. For this purpose we introduce σ-algebras, measures
and in particular, the Lebesgue measure. In what follows we provide the neces-
sary tools to formulate and prove the Brunn–Minkowski inequality in this setting.

When talking about Euclidean space we will use lower-case letters for ele-
ments of Rn, Greek letters for scalars and capital letters for subsets of Rn. If we
are using Lebesgue measurable subsets or general subsets of Rn we will mainly
use A and B and for convex bodies we reserve the letters K and L.

2.1 Convex bodies

We first introduce the most central notions of this thesis. To start of with the
convexity of a set.

Definition 2.1. A subset K ⊆ Rn is called convex if for any two points x, y ∈ K
and all 0 6 λ 6 1,

(1− λ)x+ λy ∈ K.

Therefore, K is convex if every straight line between points in K is also connected
in K.

As a quick reminder we also give the definition of compactness.

Definition 2.2. A topological space X is called compact if each of its open
covers has a finite subcover. In other words, X is compact if given an arbitrary
collection C ⊆P(X) of open subsets, such that

X ⊆
⋃
U∈C

U,

there exists a finite subset F of C such that

X ⊆
⋃
U∈F

U.

A subset A of X is compact if it is compact as a subspace in the subspace
topology.

The well known Heine–Borel theorem states that compact subsets of Rn are
exactly those subsets which are closed and bounded.

Convex bodies combine the notions of compactness and convexity and can be
viewed as generalized ovals and egg forms in n-dimensional Euclidean space.

4



Definition 2.3. A convex body is a nonempty, compact, convex subset of Rn.

In the Brunn–Minkowski inequality, and in this thesis as well, convex bodies
are the main objects of interest. The main operation of interest for us is the
Minkowski sum, a notion of a sum between two subsets of Rn which is defined
as follows.

Definition 2.4. The Minkowski sum between two subsets A,B ⊆ Rn is defined
as

A+B = {a+ b ∈ Rn | a ∈ A, b ∈ B},

where the + in the set denotes the vector space addition in Rn.

Figure 2: The Minkowski sum of a circle and a square around the origin. This
picture is taken from [6].

Note that the notions of convex bodies and Minkowski sum work well to-
gether.

Lemma 2.5. If K and L are convex bodies of Rn, then K +L is a convex body
of Rn.

Proof. Suppose x, y ∈ K + L, then x and y can be written as x = k1 + l1 and
y = k2 + l2 with k1, k2 ∈ K and l1, l2 ∈ L. For any λ ∈ [0, 1] we can write

(1− λ)x+ λy = (1− λ)(k1 + l1) + λ(k2 + l2)

= ((1− λ)k1 + λk2) + ((1− λ)l1 + λl2).

Since K and L are convex per assumption we know that (1 − λ)k1 + λk2 ∈ K
and (1 − λ)l1 + λl2 ∈ L. So (1 − λ)x + λy ∈ K + L for any x, y ∈ K + L and
λ ∈ [0, 1]. Hence K + L is convex.

We note that a set in Rn is compact if and only if it is closed and bounded
according to Heine–Borel. The Minkowski sum of two bounded sets is bounded
by the sum of the individual bounds, hence K+L. Moreover, K+L is a convex
star body with endpoints, so K + L is closed. This gives us indeed that K + L
is a convex body of Rn.
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If we have a bounded subset of Rn we may also wish to say something about the
smallest convex body surrounding it, which is known as the convex hull.

Definition 2.6. The convex hull of a bounded subset A ⊆ Rn is the smallest
convex set that contains A. The notation we use for the convex hull of A is
Conv(A).

2.2 The Lebesgue measure

Volumes can be studied most elegantly using measure theory. Following conven-
tions in the textbook of Cohn [2], our main aim in this section is to define the
Lebesgue measure and derive some properties which we will use throughout this
thesis.

Definition 2.7. Let X be an arbitrary set. A collection A of subsets of X is
called a σ-algebra if

1. X ∈ A ,

2. for each set A that belongs to A , the complement of A belongs to A ,

3. for each sequence (Ai)i∈N of sets in A , the union
⋃∞
i=1Ai belongs to A ,

and

4. for each sequence (Ai)i∈N of sets that belong to A , the intersection
⋂∞
i=1Ai

belongs to A .

The pair (X,A ) is called a measurable space.

Remark. Property 4. follows from property 2. and 3.

We can generate a σ-algebra form a topological space.

Definition 2.8. For a topological space X, the collection of all sets which can
be formed from open sets through countable union, countable intersection and
complement form a σ-algebra called the Borel σ-algebra of X. We denote the
Borel σ-algebra of X as B(X). (See [2, p.3-4] for the proof that B(X) satisfies
the properties of Def. 2.7.)

Lemma 2.9. The σ-algebra B(Rn) is generated by each of the following collec-
tions of sets

1. The collection of all closed subsets of Rn.

2. The collection of all closed half-spaces in Rn that have the form

{(x1, . . . , xn) |xi 6 b}

for some index i and some b ∈ Rn.

3. The collection of all hypercubes in Rn that have the form

{(x1, . . . , xn) | ai < xi 6 bi for i = 1, . . . , n}.
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4. The collection of all compact subsets of Rn.

A proof for Lemma 2.9 can be found in [2, p. 4-5].

Definition 2.10. An outer measure on a set X is a function
µ∗ : P(X)→ [0,+∞] such that

1. µ∗(∅) = 0,

2. if A ⊆ B ⊆ X, then µ∗(A) 6 µ∗(B) (monotonicity), and

3. if (Ai)i∈N is a sequence of subsets of X, then µ∗(
⋃
iAi) 6

∑
i µ
∗(Ai) (count-

able subadditivity).

Definition 2.11 (The Lebesgue outer measure). Let I1, . . . , In be subintervals
of R. The n-dimensional box is given by

I1 × · · · × In = {(x1, . . . , xn) |xi ∈ Ii}

for i = 1, . . . , n. The volume |I1 × · · · × In| of the n-dimensional box is the
product of the length of each interval |I1| · ... · |In|.
For each subset A of Rn let CA be the set of all sequences (Ri)i∈N of bounded and
open n-dimensional boxes for which A ⊆

⋃∞
i=1Ri. The Lebesgue outer meaure

λ∗(A) of A ⊆ Rn is given by λ∗(A) = inf{
∑∞

i=1 |Ri| : (Ri)i∈N ∈ CA}.

Remark. Note that the intervals I1, . . . , In can be open, closed or neither as this
does not change the volume.

Remark. Note that every A ⊆ Rn can be covered by a sequence of bounded open
n-dimensional boxes (Ri)i∈N as the sequence Ri = (−i, i)n covers all of Rn.

It remains to be shown that the Lebesgue outer measure is indeed an outer
measure.

Proposition 2.12. The Lebesgue outer measure on Rn is an outer measure,
and it assigns to each n-dimensional box its volume.

Proof. We first note that λ∗(∅) = 0, since for each ε > 0 there is a sequence
(Ri)i∈N of bounded and open n-dimensional box, whose union always includes
∅, such that

∑∞
i=1 |Ri| 6 ε.

Next we assume that A ⊆ B. Then each bounded and open n-dimensional
box that covers B also covers A. Thus λ∗(A) 6 λ∗(B), and λ∗ is monotone.

Let (Ai)i∈N be an arbitrary sequence of subsets of Rn. If
∑∞

i=1 λ
∗(Ai) =∞,

then λ∗(
⋃∞
i=1Ai) 6

∑∞
i=1 λ

∗(Ai) holds trivially. So we can now suppose that∑∞
i=1 λ

∗(Ai) < ∞. Take ε > 0 arbitrary and for each i choose a sequence
(Rk,i)k∈N of bounded and open n-dimensional boxes that cover Ai and satisfy

∞∑
k=1

|Rk,i| 6 λ∗(Ai) + ε/2i.
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We can combine these two sequences (Ai)i∈N and Rk,i into one (Rj)j∈N via
diagonalization. This sequence satisfies

∞⋃
i=1

Ai ⊆
∞⋃
j=1

Rj

and
∞∑
j=1

|Rj | 6
∞∑
i=1

(λ∗(Ai) + ε/2i) =
∞∑
i=1

λ∗(Ai) + ε.

Because ε is arbitrary we conclude that λ∗(
⋃∞
i=1Ai) 6

∑∞
i=1 λ

∗(Ai) for every
sequence (Ai)i∈N of subsets in Rn. Hence λ∗ is countably subadditive.

This shows that λ∗ is an outer measure according to Definition 2.10. It
remains to be shown that λ∗ assigns the volume to an n-dimensional box. Let
K be a compact n-dimensional box, then λ∗(K) 6 |K| by covering K with
sequences of bounded and open n-dimensional boxes such that the first box is
K itself, and the sum of the other boxes is arbitrarily small. On the other hand,
if (Ri)i∈N is a sequence of bounded and open n-dimensional boxes for which
K ⊆

⋃∞
i=1Ri, then by compactness of K there is a positive integer m such that

K ⊆
⋃m
i=1Ri. This implies K can be decomposed into a finite collection {Ki}

of n-dimensional boxes that only overlap on their boundaries and are such that
for each i the interior of Ki is included in some Ri (where i 6 m). From this it
follows that

|K| =
m∑
i=1

|Ki| 6
m∑
i=1

|Ri|

and so we have |K| 6 λ∗(K). Thus λ∗(K) = |K|.
The outer measure of an arbitrary bounded box, that is, not necessarily

closed, is its volume, since for every such box int(I1× · · · × In) ⊆ I1× · · · × In ⊆
I1 × · · · × In and by monotonicity |I1 × · · · × In| = |I1| . . . |In|. To close it of,
unbounded n-dimensional box have infinite Lebesgue outer measure, since it
includes arbitrarily long closed bounded n-dimensional boxes.

Definition 2.13. A subset B of a set X with outer measure µ∗ is said to be
µ∗-measurable if

µ∗(A) = µ∗(A ∩B) + µ∗(A ∩Bc) (3)

holds for every subset A of X, and where Bc is the complement of B in X.

Definition 2.14. Let X be a set and let A be a σ-algebra on X. A function µ
is said to be countably additive if

µ(

∞⋃
i=1

Ai) =
∞∑
i=1

µ(Ai) (4)

for each sequence (Ai)i∈N of disjoint sets that belong to A . The function µ : A →
[0,+∞] is called a measure, if it is countably additive and satisfies µ(∅) = 0.
Moreover, we call (X,A ) a measurable space and (X,A , µ) a measure space.
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Some of the following results are presented without proof, their proofs can
be found in Cohn’s Measure Theory [2].

Theorem 2.15 (Lebesgue measure). Let Mλ∗ be the collection of all λ∗-measurable
sets of Rn. Then Mλ∗ is a σ-algebra and λ = λ∗|Mλ∗ is a measure on Rn which
assigns to each A ∈Mλ∗ its volume, that is λ(A) = |A|.

The following result shows that all open sets are Lebesgue measurable, hence
Rn ∈Mλ∗ .

Proposition 2.16. Every Borel subset of Rn is Lebesgue measurable.

Proposition 2.17. Let A be a Lebesgue measurable subset of Rn. Then

1. λ(A) = inf{λ(U) |U is open and A ⊆ U}, and

2. λ(A) = sup{λ(K) |K is compact and K ⊆ A}.

Theorem 2.18. 1. Let x ∈ Rn. Then B ⊆ Rn is Lebesgue measurable if and
only if x + B = {x + b | b ∈ B} is Lebesgue measurable. Moreover λ is
translation invariant, i.e., λ(B) = λ(B+x) for every Lebesgue measurable
set B.

2. Let (Rn,B(Rn), µ) be a measure space such that µ is non-trivial, transla-
tion invariant and µ(B) < ∞ for B ∈ B(Rn) bounded Then µ = c · λ for
some c > 0, and

3. Let (Rn,B(Rn), µ) be a measure space. Then µ(
∏n
i=1 Ii) = |

∏n
i=1 Ii| for

all boxes I1 × · · · × In if and only if µ is the Lebesgue measure.

Definition 2.19. Let (X,A ) be a measurable space, and let A ∈ A . A function
f : A→ R is called measurable or A -measurable if for each open subset U of R
the set f−1(U) ∈ A .

Definition 2.20. Let (X,A , µ) a measure space and x ∈ X, and let P (x) ⊆ X
be some property on the measure space. The property P (x) is said to hold almost
everywhere if there is a subset N ∈ A s.t. µ(N) = 0 and {x ∈ X|¬P (x)} ⊆ N .
When we mean almost everywhere we will sometimes abbreviate this as a.e.. So
a property holds almost everywhere if it holds everywhere except for a subset
that is contained in a measurable subset of measure 0.

2.3 The Arithmetic-Geometric mean inequality

One of the key elements in the first proof of the Brunn–Minkowski inequality
we will be looking at is the Arithmetic-Geometric mean inequality. As the name
implies, this inequality states a relation between the Arithmetic mean and the
Geometric mean.

Theorem 2.21. Suppose x1, . . . , xn ∈ [0,∞). Then

n∑
i=1

xi
n

> n

√√√√ n∏
i=1

xi, (5)
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where
∑n

i=1
xi
n is called the arithmetic mean and n

√∏n
i=1 xi is called the geo-

metric mean. The inequality becomes equal if and only if x1 = · · · = xn.

Proof. Define α =
∑n

i=1
xi
n . Then the inequality is equal to αn >

∏n
i=1 xi We

want to proof this inequality with induction to n. For n = 1 the inequality is
trivial. Suppose that the inequality holds for up to n non-negative real numbers
x1, . . . , xn. Consider, w.l.o.g. n + 1 positive real numbers x1, . . . , xn+1. If all
xi are equal to α =

∑n+1
i=1

xi
n+1 then the equality holds. Suppose there is one

number greater than α and one that is smaller than α. We can, without loss of
generality, assume xn > α and xn+1 < α. So xn−α > 0 and α−xn+1 > 0. This
gives

(xn − α)(α− xn+1) > 0

Now define y := xn + xn+1 > xn + α > 0. Then (n+ 1)α =
∑n+1

i=1 xi implies

nα = x1 + · · ·+ xn−1 + xn + xn+1 − α
nα = x1 + · · ·+ xn−1 + y

So, α is the arithmetic mean of x1, . . . , xn−1, y. Our induction hypothesis now
gives

αn+1 > α
(∏n−1

i=1 xi

)
y.

We can now see yα > xnxn+1 because

yα− xnxn+1 = (xn + xn+1 − α)α− xnxn+1 = (xn − α)(α− xn+1) > 0.

By assumption, all xi are bigger than 0, so α > 0. We have thus proven

αn+1 >
(∏n+1

i=1 xi

)
.

We have already mentioned that equality holds if all xi are equal to α. If we
have equality in 5, then all xi are equal to α, otherwise the inequality is strict
as shown above. This completes the proof.
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3 The Brunn–Minkowski inequality in Euclidean space

3.1 The inequality for convex bodies and a generalization

We will see that our inequality is a many-headed beast. The inequality was
first proposed by Hermann Brunn for n = 3 dimensions in his thesis in 1887 [1].
Hermann Minkowski pointed out a mistake in Brunn’s proof and he corrected
the equality conditions [8]. Minkowski gave a proof for n dimensions to the
inequality.
Recall that we write |A| for the volume of a set A. The + between sets is the
Minkowski sum as defined in Section 2.

Theorem 3.1 (Brunn–Minkowski inequality). For two convex bodies K and L
in Rn and λ ∈ [0, 1] we have

|(1− λ)K + λL|1/n > (1− λ)|K|1/n + λ|L|1/n. (6)

Equality holds in (6) if and only if K and L are homothetic, i.e., K and L are
equal up to translation and dilation.

This inequality is easily generalized to Lebesgue measurable sets and as it
turns out, the proof becomes easier as well if we look at this generalized form of
the Brunn–Minkowski inequality.

Theorem 3.2 (General Brunn–Minkowski inequality). Suppose A and B are
nonempty bounded measurable subsets in Rn such that A+B is also measurable.
Then

|A+B|1/n > |A|1/n + |B|1/n. (7)

Moreover, the equality holds if and only if A and B are homothetic convex bodies
from which sets of measure zero have been removed.

Remark. Since convex bodies are nonempty bounded measurable sets, we see
that the generalized Brunn–Minkowski inequality (7) implies for two convex
bodies A,B that |A+B|1/n > |A|1/n+ |B|1/n. That it indeed implies the Brunn–
Minkowski inequality (6) will be shown after the proof generalized Brunn–Minkowski
inequality in Section 3.3.

3.2 Geometric proof of the general Brunn-Minkowski inequality
with boxes

The first proof we give is a proof by boxes. This proof was found by H. Hadwiger
and D. Ohmann in 1956 [7]. A good introduction to this proof is given in a talk
by Alessio Figalli [4] and in Gardner’s survey paper of the Brunn–Minkowski
inequality [6, Section 4]. We like the proof because it gives a clear geometric
picture.

Proof of Theorem 3.2. This proof consists of three steps:
Step 1. We prove (7) for A and B boxes, i.e., rectangular parallelepipeds whose
sides are parallel to the coordinate hyperplanes.
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Step 2. We prove the inequality for finite unions of boxes.
Step 3. We prove that every bounded measurable set is approximated by a finite
union of boxes.

Step 1: Suppose A and B are boxes, rectangular parallelepipeds whose sides
are parallel to the coordinate hyperplanes. So we can write A = I1×· · ·×In and
B = J1 × · · · × Jn, with Ii and Ji closed intervals with ai = l(Ii) and bi = l(Ji)
the length of the i-th side of the boxes A and B respectively. We notice that
A + B is again a box, because it is still a direct product of n intervals, say Ki.
Writing A+B = K1× . . .Kn we see that l(Ki) = ai + bi. The volumes thus are

|A| =
∏n
i=1 ai, |B| =

∏n
i=1 bi and |A+B| =

∏n
i=1(ai + bi).

By assumption, A and B are nonempty and of full dimension, so we can divide
by |A+B| > 0 to find

|A|1/n + |B|1/n

|A+B|1/n
=

(
∏n
i=1 ai)

1/n + (
∏n
i=1 bi)

1/n

(
∏n
i=1 ai + bi)1/n

=

(
n∏
i=1

ai
ai + bi

)1/n

+

(
n∏
i=1

bi
ai + bi

)1/n

6
1

n

(
n∑
i=1

ai
ai + bi

+

n∑
i=1

bi
ai + bi

)
= 1,

where we have used the arithmetic-geometric mean inequality, see Theorem
2.21. This establishes inequality (7) for boxes.

In case of equality it follows from the arithmetic-geometric mean inequality
that a1 = · · · = an and b1 = · · · = bn: If |A|1/n + |B|1/n = |A + B|1/n we see

that ai
ai+bi

=
aj

aj+bj
for all i, j and also bi

ai+bi
=

bj
aj+bj

. For all i and j we have

thus aibj = ajbi. Therefore ai = λbi for all i and some λ > 0. Thus A and B
are homothetic. Because A and B are boxes they are trivially convex.
On the other hand, if A and B are homothetic and convex it follows from the
arithmetic-geometric mean inequality that equality holds.

Step 2. We prove the Brunn–Minkowski equation for finitely many boxes
and do this by induction on the number of boxes in A∪B. The key idea of this
step is the so called Hadwiger–Ohmann cut.
Let A and B each be finite unions of boxes. Since the volume in Rn is translation
invariant, see Theorem 2.18, we can assume that a coordinate hyperplane, {xn =
0}, separates two boxes in A. This can also be done if A consists of only one box
by realizing that a box is an arbitrary union of boxes. Define A+ = A∩{xn > 0}
and A− = A∩{xn 6 0}. Define B− and B+ analogously we translate B so that,

|A−|
|A|

=
|B−|
|B|

and
|A+|
|A|

=
|B+|
|B|

. (8)

Note that the Minkowski sum corresponding to this Hadwiger–Ohmann cut re-
mains in the same half of the hyperplane, that is, A+ + B+ ⊆ {xn > 0} and
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A− + B− ⊆ {xn 6 0}. We also see that A+ + B+ ⊆ (A + B) ∩ {xn > 0} and
A− +B− ⊆ (A+B) ∩ {x 6 0}. So

|A+B| > |A+ +B+|+ |A− +B−|. (9)

We now want to count the number of boxes so we can use induction over this
number. Taking a Hadwiger–Ohmann cut, cuts boxes in two. Hence the number
of boxes of a set as N(A) = N(A+) + N(A−), where N(A±) is the minimum
number of boxes so that the union of the boxes is N(A±). The number of boxes
in A− +B− and A+ +B+ are both smaller than the number of boxes in A+B.
We now use induction on the number of boxes in A+B.
In Step 1 we proved the Brunn–Minkowski inequality for one box. Suppose that
we have proven inequality (7) for N(A + B) − 1 boxes. Since N(A + B) >
N(A± +B±) > 1 we can use this assumption and (9) to obtain

|A+B| > |A+ +B+|+ |A− +B−|

>
(
|A+|1/n + |B+|1/n

)n
+
(
|A−|1/n + |B−|1/n

)n
= |A+|

(
1 +

(
|B+|
|A+|

)1/n
)n

+ |A−|

(
1 +

(
|B−|
|A−|

)1/n
)n

.

Assumption (8) of the Hadwiger–Ohmann cut furthermore gives

|A+|

(
1 +

(
|B+|
|A+|

)1/n
)n

+ |A−|

(
1 +

(
|B−|
|A−|

)1/n
)n

= |A+|

(
1 +

(
|B|
|A|

)1/n
)n

+ |A−|

(
1 +

(
|B|
|A|

)1/n
)n

= |A|

(
1 +

(
|B|
|A|

)1/n
)n

= (|A|1/n + |B|1/n)n

. Hence we find that |A+B|1/n 6 |A|1/n + |B|1/n which concludes the final step
in the induction.

Step 3. By Definition 2.11 the Lebesgue measure of every Lebesgue mea-
surable set can be approximated by boxes, and by Proposition 2.16 the volume
agrees with the Lebesgue measure.

3.3 Equivalent forms of the Brunn–Minkowski inequality

We noted that the Brunn–Minkowski inequality (6) was stated slightly differently
in the generalized form (7). These two are variants and as it turns out, there
are a few more forms that are equivalent to these. A few are given here:

Theorem 3.3. Let A, B be nonempty bounded measurable subsets of Rn, so
that A+ B is a nonempty bounded measurable subset of Rn, λ ∈ [0, 1], s, t > 0,
|A| > 0 and |B| > 0 Then the following are equivalent
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1. |(1− λ)A+ λB|1/n > (1− λ)|A|1/n + λ|B|1/n,

2. |A+B|1/n > |A|1/n + |B|1/n,

3. |sA+ tB|1/n > s|A|1/n + t|B|1/n,

4. |A| = |B| = 1 =⇒ |(1− λ)A+ λB| > 1,

5. |(1− λ)A+ λB| > min{|A|, |B|}

6. |(1− λ)A+ λB| > |A|1−λ|B|λ

Most of these inequalities can be gained from others directly. A proof of 1.⇒ 6.
can be found in chapter 5 of Gardner’s survey article [6]. The inverse can be
proven using Jensen’s inequality for means with p = 0 and q = 1/n.

Remark. With this Theorem we see that the general Brunn–Minkowski inequality
does indeed imply the Brunn-Minkowski inequality

Remark. Version 6. is called the multiplicative form of the Brunn–Minkowski
theorem. The advantage of this form is that we need not assume that A and B
are nonempty, and the inequality is independent of the dimension. In the follow-
ing section we will prove that this multiplicative form of the Brunn–Minkowski
inequality can be obtained as a corollary to the Prékopa-Leindler inequality (11).

3.4 The Prekopa–Leindler inequality

In this section we derive the Prékopa–Leindler inequality. This inequality is an
analytic inequality which will lead us to a second proof of the Brunn–Minkowski
inequality.

Theorem 3.4 (Prékopa–Leindler inequality). Let 0 < λ < 1 be fixed and let f, g
and h be nonnegative integrable functions on Rn satisfying

h((1− λ)x+ λy) > f(x)1−λg(y)λ (10)

for all x, y ∈ Rn. Then∫
Rn
h(x)dx >

(∫
Rn
f(x)dx

)1−λ(∫
Rn
g(x)dx

)λ
. (11)

We will proof this inequality using induction on the dimension n. Our first
step will be to prove the induction base case n = 1.

Lemma 3.5 (Prékopa–Leindler in 1 dimension). Let 0 < λ < 1 and let f, g and
h be nonnegative integrable functions on R satisfying (10) for all x, y ∈ R. Then∫

R
h(x)dx >

(∫
R
f(x)dx

)1−λ(∫
R
g(x)dx

)λ
. (12)
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Proof. If
∫
R f(x) dx = 0 or

∫
R g(x) dx = 0 the Prékopa–Leindler inequality (12)

holds trivially. We thus assume
∫
R f(x) dx = F > 0 and

∫
R g(x) dx = G > 0.

Define the auxilliary functions u, v : [0, 1] → R such that u(t) and v(t) are the
smallest numbers satisfying

1

F

∫ u(t)

−∞
f(x) dx =

1

G

∫ v(t)

−∞
g(x) dx = t. (13)

Since f and g are nonnegative, u and v are strictly increasing functions and
hence are differentiable almost everywhere. Note that u and v do not have to be
continuous everywhere. Taking the derivative of (13) with respect to t gives for
almost every t

f(u(t))u′(t)

F
=
g(v(t))v′(t)

G
= 1. (14)

Let w(t) = (1 − λ)u(t) + λv(t). By (14), for almost every t ∈ (0, 1) we have
f(u(t)) 6= 0 6= g(v(t)), and thus also

w′(t) = (1− λ)u′(t) + λv′(t)

> u′(t)1−λv′(t)λ

=

(
F

f(u(t))

)1−λ( G

g(v(t))

)λ
,

(15)

where we used Young’s inequality in the first step and (14) in the second step.
By assumption (10), (15), h > 0 and w being strictly increasing we have∫

R
h(x) dx >

∫ 1

0
h(w(t))w′(t) dt

>
∫ 1

0
f(u(t))1−λg(v(t))λ

(
F

f(u(t))

)1−λ( G

g(u(t))

)λ
dt

= F 1−λGλ

=

(∫
R
f(x)dx

)1−λ(∫
R
g(x)dx

)λ
.

Proof of Theorem 3.4. We have just proven the Prékopa–Leindler inequality holds
for dimension n = 1. Suppose that the Prékopa–Leindler inequality holds for all
positive integers less than n.
For each s ∈ R, define a nonnegative function hs on Rn−1 by

hs(z) := h(z, s) for z ∈ Rn−1,

and define fs and gs analogously. Let a, b ∈ R, and let c := (1−λ)a+λb. Then,
for any x, y ∈ Rn−1, by assumption (10)

hc((1− λ)x+ λy) = h((1− λ)x+ λy, (1− λ)a+ λb)

= h((1− λ)(x, a) + λ(y, b))

> f(x, a)1−λg(y, b)λ

= fa(x)1−λgb(y)λ.
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Using our inductive hypothesis (11) for n− 1 we obtain that∫
Rn−1

hc(x) dx >

(∫
Rn−1

fa(x) dx

)1−λ(∫
Rn−1

gb(x) dx

)λ
.

Now define F (a) :=
∫
Rn−1 fa(x) dx, G(b) =

∫
Rn−1 gb(x) dx andH(c) =

∫
Rn−1 hc(x) dx.

Then this inequality reads

H(c) = H((1− λ)a+ λb) > F (a)1−λG(b)λ.

Finally, using Fubini’s theorem and our induction base n = 1 Lemma 12, we find
that ∫

Rn
h(x)dx =

∫
R

∫
Rn−1

hc(z) dz dc

=

∫
R
H(c)dc

>

(∫
R
F (a) da

)1−λ(∫
R
G(b) db

)λ
=

(∫
R
f(x) dx

)1−λ(∫
R
g(x) dx

)λ
,

proving the Prékopa–Leindler inequality in all dimensions.

Now let’s show that this indeed implies the generalized Brunn–Minkowski
inequality

Second proof of Theorem 3.2. Let A and B be nonempty bounded n-dimensional
measurable subsets of Rn such that A + B is also measurable. Let 1A be the
indicator function of A, that is, 1A(x) = 0 if x /∈ A and 1A(x) = 1 if x ∈ A. Now
set f = 1A, g = 1B and h = 1(1−λ)A+λB. If a, b ∈ Rn, then f(a)1−λg(b)λ = 1 > 0
if and only if a ∈ A and b ∈ B. This implies that (1− λ)a+ λb ∈ (1− λ)A+ λB
if and only if h((1 − λ)a + λy) = 1. So the condition for the Prékopa–Leindler
inequality (10) holds and Theorem 3.4 implies

|(1− λ)A+ λB| =
∫
Rn

1(1−λ)A+λB(x) dx

>

(∫
R

1A(x) dx

)1−λ(∫
R

1B(x) dx

)λ
= |A|1−λ|B|λ.

This is precisely the multiplicative Brunn–Minkowski inequality which is equiv-
alent to the general Brunn–Minkowski inequality by Theorem 3.3. Hence the
Prékopa–Leindler inequality yields a second proof of the Brunn–Minkowski in-
equality.
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4 Applications and generalizations

4.1 The isoperimetric inequality

One part that instantly makes the Brunn–Minkowski inequality attractive is
its connection to the isoperimetric inequality. The isoperimetric inequality is a
famous geometric inequality which gives a bound to the volume of a set in relation
to the volume of its boundary. The equality case states the maximum volume for
a given perimeter is given by the n-dimensional ball. The isoperimetric inequality
has many different forms and applications. A great starting point into these is
the survey paper by Osserman [10].
The Brunn–Minkowski inequality was originally discovered in a problem related
to the isoperimetric inequality. The isoperimetric inequality for convex bodies
can be derived very quickly using the Brunn–Minkowski inequality, which we we
will show below.
In this section we will mainly be looking at convex bodies instead of measurable
subsets. Let us now take a look at the isoperimetric inequality.

Theorem 4.1. Let K be an n-dimensional convex body in Rn and let B be the
unit ball in Rn. Then

Per(K) > n|B|1/n|K|
n−1
n , (16)

where Per(K) is the perimeter of the convex body K. Moreover, equality holds
if and only if K = Br(x).

Before looking at the proof there is one more element we need to look at.
This is a formula for the perimeter called the Minkowski–Steiner formula.

Theorem 4.2 (The Minkowski–Steiner formula). Let K be a convex body, B the
unit ball and t ∈ R>0, then

Per(K) = lim
t→0+

|K + tB| − |K|
t

. (17)

To prove that Per(K) does indeed correspond with the (n − 1)-dimensional
measure of the boundary ∂K, we need some geometric measure theory. (This
is for example done in the book by Morvan [9, Chapter 16].) We won’t prove
this in this thesis, but we will prove the existence of the limit in the following
section.
To give some intuition to this formula we show an example where our convex
body is a circle.

Example 1. Let K be an circle with radius R. We now that the perimeter of a
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Figure 3: The t-neighbourhood of a convex body K. Looking at the limit of the
difference of the t-neighbourhood of K and K, divided by t gives the perimeter
of K.

circle is 2πR. Let’s calculate it via the Minkowski–Steiner formula

Per(K) = lim
t→0+

|K + tB| − |K|
t

= lim
t→0+

(R+ t)2π −R2π

t

= lim
t→0+

(
2Rtπ

t
+
t2

t
)

= lim
t→0+

(2πR+ t)

= 2πR,

just as we expected.

Remark (Geometric measure theory). The Minkowski–Steiner formula is actually
true if K is a closed n-rectifiable subset of Rn, see for example the book by
Federer [3].

We can now prove the isoperimetric inequality for convex bodies.

Proof of Theorem 4.1. Let K be an n-dimensional convex body. Due to the
Minkowski–Steiner formula we know that

Per(K) = lim
t→0+

|K + tB| − |K|
t

.
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With the Brunn–Minkowski inequality Theorem 3.3 we can write the t-neighbourhood
of K as

|K + tB| > (|K|1/n + t|B|1/n)n.

Inserting this in the Minkowski–Steiner formula and using the binomial theorem
of Newton we find

Per(K) > lim
t→0+

(|K|1/n + t|B|1/n)n − |K|
t

= n|B|1/n|K|
n−1
n ,

proving the isoperimetric inequality for convex bodies.

The proof we gave here does not give us the equality conditions of the isoperimet-
ric inequality. It is possible to derive them from Brunn–Minkowski inequality,
intuitively because equality in (4.1) and hence (??) holds if and only if K and
B are homothetic. Thus K = Br(x) for some x ∈ Rn and some r > 0. In Sec-
tion 4.3 we provide a rigorous proof that establishes the equality case via mixed
volumes.

4.2 Mixed volumes

In this section we want to introduce the notion of mixed volumes. These mixed
volumes at first look like an algebraic byproduct, but it turns out that they
have a surprising geometric interpretation. We will use mixed volumes to proof
existence of the limit in the Minkowski–Steiner formula (17) and to give the
equality conditions of the isoperimetric inequality. In the next section mixed
volumes are at the basis of the Alexandrov–Fenchel inequality, a very general set
of mixed volume inequalities which also imply the Brunn–Minkowski inequality
giving us a third and final proof of the Brunn–Minkowski inequality.
Let us now look at our example of the volume of the Minkowski sum of a square
A with side length l and the epsilon ball εB in R2 again.

Figure 4: A rounded square around the origin. The volume can be split up in
three parts. This picture is taken from [6].

The area of the ”epsilon square” can be split up in three terms,
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|A+ εB| = l2 + 4εl + π · ε2 = |A|+ Per(A)ε+ |B|ε2.

Here we see that the area of the ”epsilon square” can be split in the area of
the square, the perimeter of the square and the area of the epsilon ball. It turns
out that we can split the volume of arbitrary Minkowski sums in similar ways.
We call the parts in which we split up the volume of the Minkowski sum the
Mixed volumes.

Theorem 4.3. Let K1, . . . ,Kr ∈ Rn be n-dimensional convex bodies, let λ1, . . . , λr ∈
R>0. Then

f(λ1, . . . , λr) = |λ1K1 + · · ·+ λrKr|

is a homogeneous polynomial. More precisely,

|λ1K1 + · · ·+ λrKr| =
r∑

j1,...,jn=1

V (Kj1 , . . . ,Kjn)λj1 · · · · · λjn , (18)

where V (Kj1 , . . . ,Kjn) are called the mixed volumes of K1, . . . ,Kr.

A sketch of proof for Theorem 4.3 is given in Section 4.2.2 below.

Remark. Let K,L ⊆ Rn be n-dimensional convex bodies. We write V (K,n −
j;L, j) for the mixed volume where K appears n−j times and L appears j times.

Remark. From Theorem 4.3 we see that the mixed volume V is multilinear,
symmetric in its arguments and V (K,n) = |K|. It turns out that these three
properties uniquely determine the mixed volume as well. A proof for this can be
found in the book by Schneider [11].

4.2.1 The Steiner formula

Before we look at the ideas behind the proof, lets first look at an example to
give some geometric interpretation to these mixed volumes.

Example 2 (The Steiner formula). From Theorem 4.3 and the symmetry of the
mixed volume in its argument we get for an n-dimensional convex body K ⊆ Rn
and the ball Bt with radius t > 0,

|K + tB| =
n∑
j=0

(
n

j

)
V (K,n− j;B, j)tj

= |K|+ nW1(K)t+

n−1∑
j=2

(
n

j

)
Wj(K)tj + |B|tn,

(19)

where Wj(K) := V (K,n− j;B, j) is called the j-Quermassintegral of K. Equa-
tion (19) is known as the Steiner equation. This last equality is written quite
suggestively as we will see.
Comparing this with our 2D example where K is a square we see indeed that
V (K,K) = |K|, V (B,B) = |B| and more interestingly that 2V (K,B) = Per(K).
In 2D we thus find that the first Quermassintegral W1(K) is equal to 1

2 Per(K).
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In order to find a geometric expression for the first Quermassintegral of an n-
dimensional convex body K we rewrite the Steiner formula for nW1(K). We
get

nW1(K) =
|K + tB| − |K|

t
− t(

n∑
j=2

(
n

j

)
Wj(K)tj−2).

Taking the right limit of t to 0 gives

nW1(K) = lim
t→0+

|K + tB| − |K|
t

= Per(K), (20)

where we recognise the Minkowski–Steiner formula in the last step. Not only do
we now have a geometric interpretation for the first Quermassintegral of K, this
also proves the existence of limit in the Minkowski–Steiner formula!

Remark (Riemannian geometry). For n-dimensional convex bodies with a smooth
boundary K the Quermassintegrals in the sum of (19) are the integral of the k-th
mean curvatures of the boundary ∂K of K[9].

Remark. Quermassintegrals are a renormalization of intrinsic volumes which
might be encountered in texts about related subjects, for example in [11]. The
j-th intrinsic volume Vj(K) of an n-dimensional convex body K ⊆ Rn is given
by

Vj(K) =

(
n

j

)
Wn−j(K)

κn−j
,

where κn−j is the volume of the (n− j)-dimensional unit ball.

4.2.2 Sketch of proof of Theorem 4.3

We will now give a sketch of the proof of Theorem 4.3. The idea is to first
prove the theorem for polytopes, a subset of convex bodies where computations
are easier. We then approximate arbitrary convex bodies by certain types of
polytopes. This is a standard proof scheme in Brunn–Minkowski theory and
we will see that it actually proof scheme has some parallels with the Hadwiger–
Ohman proof of the general Brunn–Minkowski inequality. The same type of
ideas are used for the proof of the Aleksandrov–Fenchel inequality.

Let us start by giving a definition of a polytope.

Definition 4.4. A polytope P in Rn is the convex hull of a finite set of points.
This finite set of points is called the generating set. A polytope is called simple
if none of the points in the generating set is in the interior.

Definition 4.5. The boundary of an n-dimensional simple polytope in Rn con-
sists of a finite, say N , straight (n − 1)-dimensional pieces. We call these the
pieces the facets of P and denote them as F1, . . . , FN .

The crux of this proof is that for a polytope P , its facets F1, . . . , FN and an
interior point o of P , we know that the volume of P is the sum of volumes of the
N pyramids with as base a facet Fi and as apex the interior point o. If we take
the interior point o to be the origin, we can express the height of each pyramid
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Figure 5: An example of a polytope in two dimensions. The support function hi
is perpendicular to the facet Fi.

as the support function hi that lies perpendicular to its corresponding facet Fi.
We can then express the volume of a polytope P as

|P | = 1

n

N∑
i=1

hi|Fi|n−1,

where |.|n−1 is the (n− 1)-th Lebesgue measure/volume.

With this formula we can prove a version of Theorem 4.3 for r polytopes
of the ’same type’ with induction to the dimension. Here our facets are the
(n − 1)-th step of the induction and the height of the pyramid gets the role of
the scaling factor. Now using that mixed volumes for polytopes are continuous
we can approximate simple polytopes of the ’same type’ with the Hausdorff
metric dH , a way to measure the difference between subsets of Rn.
The Hausdorff metric for two convex bodies K and L is defined as

dH(K,L) = min{λ > 0 : K ⊆ L+ λB, L ⊆ K + λB}.

The approximation theorem then states

Theorem 4.6. Let K1,...,Kr be convex bodies in Rn. To each ε > 0 there exist
polytopes of the ’same type’ P1, ..., Pr satisfying dH(Ki, Pi) < ε for i = 1, ..., r

Ordering our steps gives us the scheme to prove Theorem 4.3:
Step 1. Prove that an n-dimensional polytope P ⊆ Rn satisfies (18). This is
given in [11, Lemma 5.1.1].
Step 2. Use induction to the dimension to prove a version of Theorem 4.3 for
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r polytopes of the ’same type’. This is given in [11, Lemma 5.1.3 and the text
underneath].
Step 3. Approximate r convex bodies by these r polytopes. This follows from
Theorem 4.6 and is proven in [11, Lemma 5.1.4 and Theorem 2.4.15].

Note that we used a similar scheme as in the proof of the Brunn–Minkowski
inequality with boxes. The difference is that instead of using tools for measure
theory here we use tools for convex body theory.

Remark (Convex body theory). The exact requirement of the polytopes to be
of the ”same type” so that they can approximate convex bodies is that they
are strongly isomorphic, which is in some literature called analogous. (See [11,
Section 2.4].)

Remark (Cauchy formula). This proof can be given more directly using the
Cauchy formula as done in [9, Theorem 46]. This proof however, does not
prepare one for a proof of the Aleksandrov–Fenchel inequality.

4.3 Minkowski’s first inequality

With our newfound tools of mixed volumes we will introduce Minkowski’s first in-
equality, a mixed volume inequality which is equivalent to the Brunn–Minkowski
inequality. The isoperimetric inequality follows from Minkowski’s first inequal-
ity as well as its equality condition. In the following section we will show that
Minkowski’s first inequality follows from the Aleksandrov–Fenchel inequality,
thus giving a third proof for the Brunn–Minkowski inequality.

Minkowski’s first inequality involves a quantity closely related to the Minkowski–
Steiner formula (17), where we replace the t-ball with an n-dimensional convex
body L; namely

nV1(K,L) := nV (K,n− 1; , L) = lim
ε→0+

|K + εL| − |K|
ε

. (21)

From this we see Per(K) = nV1(K,B). The existence of the limit follows in the
same way as the existence of the limit of Per(K).

Theorem 4.7. Let K and L be n-dimensional convex bodies in Rn. Then

V1(K,L) > V (K)(n−1)/nV (L)1/n, (22)

with equality if and only if K and L are homothetic.

Proof. We will prove this using the Brunn–Minkowski inequality. In our formula
for nV1(K,L) we substitute ε = t

1−t and use the homogeneity of the volume to
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see

nV1(K,L) = lim
ε→0+

|K + εL| − |K|
ε

= lim
t→0+

|K + t
1−tL| − |K|

t
1−t

= lim
t→0+

|K + t
1−tL| − |K|

t
1−t

· (1− t)n

(1− t)n

= lim
t→0+

|(1− t)K + tL| − (1− t)n|K|
t(1− t)n−1

= lim
t→0+

|(1− t)K + tL| − (1− t)n|K|
t

= lim
t→0+

|(1− t)K + tL| − |K|
t

+ lim
t→0+

(1− (1− t)n)|K|
t

.

We know that

lim
t→0+

1− (1− t)n

t
= lim

t→0+

1− 1 + nt+O(t2)

t
= n.

So we get

nV1(K,L) = lim
t→0+

|(1− t)K + tL| − |K|
t

+ n|K|. (23)

We now define a function f(t) = |(1−t)K+tL|1/n for 0 6 t 6 1. According to the
Brunn–Minkowski inequality (Theorem 3.1) we know f(t) = |(1−t)K+tL|1/n >
(1− t)|K|1/n + t|L|1/n. Thus f(t) is concave for 0 6 t 6 1. Hence

f ′(0) > f(1)− f(0). (24)

Using our expression (23), we see that

f ′(0) =
1

n

(
lim
t→0+

|(1− t)K + tL| − |K|
t

)
· |K|

1
n
−1 =

V1(K,L)− |K|
|K|

n−1
n

.

Completing our proof by putting the values in (24) gives us

V1(K,L)− |K|
|K|

n−1
n

> |L|1/n − |K|1/n

nV1(K,L)− n|K| > n|L|1/n|K|n−1/n − n|K|
nV1(K,L) > n|L|1/n|K|n−1/n,

which proves (23).
Suppose that equality holds in (22). Then f ′(0) = f(1) − f(0). Since f is
concave, thus we have

f(t)− f(0)

t
= f(1)− f(0)

for 0 6 t 6 1. This equals the equality case in the Brunn–Minkowski inequality
(6). Hence, by Theorem 3.1 the equality condition is only reached if K and L
are homothetic.
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Second proof of isoperimetric inequality. Substituting L = B in (22) gives the
isoperimetric inequality. From the equality condition of Minkowski’s first in-
equality we know that there is equality in the isoperimetric inequality if and
only if K is homothetic to the unit ball. So we have equality if and only if K is
an n-dimensional ball.

Remark. The Brunn–Minkowski inequality (6) can conversely be obtained from
Minkowski’s first inequality (22). For a proof, see [5, p. 370]

4.4 The Aleksandrov–Fenchel inequality

In this section we will formulate the Aleksandrov–Fenchel inequality and use it
to give a third proof for the Brunn–Minkowski inequality. The Aleksandrov–
Fenchel inequality is a mixed volume inequality and the strongest and most
general inequality which we discuss in this thesis. There is also a surprising
connection with algebraic geometry which forms here.

Theorem 4.8 (Aleksandrov–Fenchel inequality). Let K1, . . . ,Kn ⊆ Rn be n-
dimensional convex bodies and 1 6 i 6 n, then

V (K1,K2, . . . ,Kn)i >
i∏

j=1

V (Kj , i;Ki+1, . . . ,Kn) (25)

The simplest proof of theorem 4.8 uses the same techniques as the proof of
Theorem 4.3. It is for example given in the book by Schneider [11, Section 7.3].
A different proof of the Aleksandrov–Fenchel inequality uses the Hodge index
theorem, a theorem in algebraic geometry. This showed a surprising connection
between mixed volumes and algebraic geometry which turns out to be quite deep.

Third proof of the Brunn–Minkowski inequality. For i = n, K1 = L and K2 =
· · · = Kn = K the Aleksandrov–Fenchel inequality becomes

V (L;K,n− 1)n > V (K)n−1V (L).

This is exactly Minkowski’s first inequality (22) and thus we retrieve the Brunn–
Minkowski inequality.

The equality conditions for the Aleksandrov–Fenchel inequality are still not
fully known and is still an active field of research, see for example [12]. There are
many more things around the Brunn–Minkowski inequality which are still being
researched, such as inequalities related to the Lp-Brunn–Minkowski inequality,
an even more general forms than the Aleksandrov–Fenchel inequality. Both
the survey article by Gardner [6] and the book on Brunn–Minkowski theory by
Schneider [11] discuss some more directions in which research is still active to
this day and are excellent starting points if one wants to know more about a
certain topic touched upon in this thesis.
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