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1 INTRODUCTION

1 Introduction

In the beginning of the 20th century, Einstein tried to piece Newton’s classical mechanics together with
Maxwell’s theory of electromagnetism, which predicts that the speed c of light in vacuum is constant. From
the two simple premises that the laws of physics should be the same for all observers in an inertial frame and
that the speed of light should be absolute for all these observers, he developed his seminal theory of special
relativity. This theory describes how quantities transform when we move from one inertial frame to another
and predicts a picture of the universe that is quite different from our daily experience. These transformations
between observers are described by the so called Lorentz transformations named after the Dutch physicist
Hendrik Lorentz.

The German mathematician Hermann Minkowski later proposed an elegant mathematical description for
special relativity where time and space are treated on equal footing. In his formalism space and time are
no longer separate entities, but the universe is described as a four dimensional spacetime. The geometry of
Minkowski’s spacetime has all kinds of peculiar features: the length of time intervals and spatial distances
are, for instance, relative quantities that depend on the frame of reference. As a consequence simultaneity is
also relative.

Einstein later employed Minkowski’s geometric interpretation of relativity to abstract special relativity to
a theory that includes acceleration and gravity. Here gravity is no longer described by a force field, as in
classical mechanics, but emerges from a spacetime’s geometry. In this new general theory of relativity, matter
and energy tell spacetime how to curve and the curvature of spacetime tells matter how to move. Mathemat-
ically, the universe is now a Lorentzian manifold and the points on this manifold correspond to events. The
description of such manifolds is an extensive subbranch of differential geometry entitled Lorentzian geometry,
from which we shall cover some important concepts.

Einstein’s theories blurred our understanding of time. Classically, time is a straightforward concept that
allows us to distinguish in what order events happened: an event A happened before B if event A occurred at
an earlier time than B. This order that time imposes can be captured by a real-valued function t that assigns
a real number to each event. Time also imposes a straightforward cause-and-effect relationship in the sense
that situation A could only have influenced B if t(a) < t(B) [Min09b]. The relativity of simultaneity prevents
such a classical interpretation of time in a relativistic theory. Besides, as we will see later the cause-and-effect
relationship is something that is not established by some time order as was the case in classical mechanics,
but originates directly from a spacetime’s geometry. One of our goals is to find real-valued functions on a
Lorentzian manifold that reinstate a sense of order again in such a way that is compatible with a spacetime’s
causal structure. These functions are called time functions and will be one of the paramount concepts of this
thesis.

Some possible Lorentzian geometries obstruct a clear picture of time, because they allow for time travel.
One could image a cylinder, for example, where following a circular path into the future results in travelling
back to a past event. Both logically and physically this is undesirable behaviour and the existence of such
closed timeloops should be avoided. To check whether a certain geometry is viable as a physical description
of the universe, we need to understand its underlying causality conditions that tell how “well-behaved” a
spacetime is in terms of time travel.

In the 1960’s, the British physicist Stephen Hawking was trying to find a minimal causality condition that
a spacetime has to obey globally to be physically reasonable [BG21]. One of his possible candidates was

2



1 INTRODUCTION

the condition of stable causality that tells that a spacetime does not permit any closed timeloops even when
the geometry is slightly perturbed. In his paper [Haw69] from this period, he proved that stable causality is
equivalent to the existence of the aforementioned time functions. The main goal of this thesis is to ultimately
prove this equivalence in a rigorous and self-contained fashion.

In order to prove and even state Hawking’s result, a solid understanding of Lorentzian geometry is necessary.
In Section 2 we commence with an extensive introduction to the general formalism of semi-Riemannian ge-
ometry, of which Lorentzian Geometry is a particular case. This section is meant for those who are unfamiliar
with differential geometry and/or the mathematics behind Einstein’s relativistic theories. (Those familiar
with both could continue with Section 3 immediately.) The section on semi-Riemannian geometry introduces
some important concepts such as manifolds, tensors and metrics that form the framework of Lorentzian geom-
etry. The exposition of these concepts is mostly based on the books by O’Neill [ONe83] and Lee [Lee18; Lee13].

In Section 3, we continue with a description of the causal structure that is a natural consequence of the
Lorentzian geometry. This is better known as causality theory. We introduce the concept of a spacetime and
see what mathematical relations constitute the cause-and-effect relation between events on a spacetime. We
will also see that these relations relate to some neat topological properties that are essential for the remainder
of the thesis. This section is based on Chapter 3 of the book [BEE96] by Beem, Ehrlich and Easley and has
some minor additions form the influential work [Pen72] of Penrose and Minguzzi’s review paper [Min19a],
which are all great recommendations for those interested in causality theory.

Section 4 contains the most significant theorems and proofs in this thesis. Here we will introduce stable
causality, among other causality conditions, and time functions and show how these notions are related. We
will also remark on some of the inconsistencies in Hawking’s paper [Haw69] regarding his use of the term
‘time function’. We will see that the assumption of the existence of a time function is not strong enough
and that we need the stronger notion of a temporal function. This section includes some important concepts
and tools, such as volume functions, from the seminal paper [Ger70] by Geroch and proofs from Hawking’s
paper [Haw69] and his book [HE73] written together with Ellis. At the end, we will comment on what we
have proven and how we can fill some of the gaps with the help of the paper [BS05] by Sánchez and Bernal
to obtain the full equivalence between stable causality and the existence of a time function.

The thesis concludes with a discussion in Section 5 of the results we have obtained in this thesis and how
our proofs compare to proofs from other authors. Sánchez has, for instance, written a paper [Sán05] where
he proves the equivalence from Hawking’s paper and Minguzzi introduced K-causality that characterises
stable causality and proves some of the results regarding time functions [Min19a]. Our discussion closes by
commenting on the frontier of research within the field and deliberating how stable causality compares as a
minimal causality condition against other stronger notions.
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2 SEMI-RIEMANNIAN GEOMETRY

2 Semi-Riemannian Geometry

The geometric framework for both the special and general theory of relativity is a four-dimensional Lorentzian
manifold named after the Dutch Nobel prize winner Hendrik Lorentz. A Lorentzian manifold consists of a
manifold, which roughly speaking is a space that locally looks like Rm, that is equipped with a Lorentzian
metric in order to describe the finite speed of light.

In fact, in this section, we take a somewhat more general point of view and define smooth manifolds and
tensors and use this to construct semi-Riemannian manifolds, which is a more general class of manifolds that
includes the Lorentzian manifolds. We will cover some important mathematical objects that can be defined on
a semi-Riemannian manifold such as connections, geodesics and ultimately the Riemann curvature tensor and
look at some examples that illustrate what these objects tell us about the underlying manifold. In particular,
we will have a detailed look at one of the most simple Lorentzian manifolds: Minkowski space, the model for
the universe in special relativity. This is an important example to keep in mind for the remainder of the thesis.

This section consists of standard text book material. The description of manifolds and their tangent spaces
is primarily based on the book [Lee18] on smooth manifolds by Lee. The introduction of tensors is based on
the appendix from [Lee13] by Lee. The subsections that follow are more loosely based on a large selection of
material, but the main definitions can be attributed to O’Neill’s standard book [ONe83] on semi-Riemannian
geometry.

2.1 Manifolds

We start by introducing the most general notion of a manifold as a topological space that locally resembles
Rm.

Definition 2.1. A topological space M is called a topological manifold of dimension m if M is Hausdorff,
second countable, and locally Euclidean, that is, for each p ∈M there exists an open set U ⊆M containing
p such that there exists a homeomorphism ϕ : U → ϕ(U) ⊆ Rm.

This definition comes with some related standard terminology. A pair (U,ϕ) with U ⊆ M and ϕ defined as
in Definition 2.1 is called a coordinate chart or simply chart. The open set U is called a coordinate neighbour-
hood and the map ϕ is called a coordinate map. Coordinate maps are often written out in their component
functions as ϕ = (x1, . . . , xm) with xi : M → R called the local coordinates on U . Most of the times we are
more interested in the local coordinates than in the coordinate map, so to indicate this more explicitly the
chart is often denoted by (U, xi) instead of (U,ϕ).

The notion of a topological manifold allows us to explore topological properties such as compactness and
equivalence under homeomorphisms. However, the topological structure does not allow us to use the nice
properties of the resemblance to Euclidean space Rm to perform calculus on the manifold. To achieve this
we need to require some additional structure on the manifold.

Before we introduce this new structure, recall that a function f : Rm → Rn is called smooth or C∞ if
all the partial derivatives in each order of all of its component functions are continuous. When f is a
homeomorphism and both f and its inverse f−1 are smooth, it is called a diffeomorphism.

Definition 2.2. Let M be a topological manifold. Let (U,ϕ) and (V, ϕ) be two charts. If U ∩ V 6= ∅,
then the composition ψ ◦ ϕ−1 : ϕ(U ∩ V )→ ψ(U ∩ V ) is called the transition map from ϕ to ψ. The charts
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2 SEMI-RIEMANNIAN GEOMETRY

(U,ϕ) and (V, ϕ) are called smoothly compatible if either U ∩ V = ∅ or if the transition map ψ ◦ ϕ−1 is a
diffeomorphism.

Definition 2.3. We define an atlas A for M to be a collection A = {(Uα, ϕα) | α ∈ A} of charts whose
coordinate neighbourhoods cover M , i.e.,

⋂
α∈A Uα = M . An atlas A is called smooth if any pair of charts is

smoothly compatible.

These concepts now enable us to say that a function f : M → R on an m-dimensional manifold M is smooth
if for every chart (U,ϕ) in an atlas the map f ◦ϕ−1 : Rm → R is smooth. Smooth compatibility of the charts
makes smoothness of f independent of the choice of the chart. Smooth functions f : M → R on a manifold
M are important objects defined on a manifold and we will denote their set by C∞(M).

At this point there is still a minor problem: different atlases may determine different sets C∞(M). To
overcome this ambiguity we say that a smooth atlas A on M is maximal if it contains every coordinate chart
(V, ψ) on M that is smoothly compatible with every coordinate chart (U,ϕ) in A. Now every atlas A′ is
contained in a unique maximal atlas A. The maximal atlas A determines the same set C∞(M) as A′. Note
that there can be several different smooth maximal atlases for a given manifold. Any maximal atlas can be
used to define the additional structure on the manifold that is needed to perform calculus on it.

Definition 2.4. Let M be a topological manifold, then a smooth structure on M is a smooth maximal atlas.
A pair (M,A) of a topological manifold M and a smooth structure A is called a smooth manifold.

Smooth manifolds now allow the use of calculus by using an atlas’ charts to map a manifold’s neighbourhoods
back to Euclidean space and perform differentiation and integration there. Differentiation and integration are
local operations and as such are determined by their local behaviour on neighbourhoods. Therefore, by using
several different coordinate neighbourhoods these notions can be extended from a local neighbourhood to
something globally defined on the whole manifold. From this point on we will solely utilise smooth manifolds
so the terms ‘manifold’ and ‘smooth manifold’ will be used interchangeably.

A trivial example of a smooth manifold is Rm itself with the smooth structure A = {(Rm, IdRm)}. There are
numerous other, non-trivial examples. A more instructive, yet still fairly simple example is the unit-sphere.

Example 2.5 (Sphere). The two-dimensional unit sphere is defined as the set S2 =
{
p = (x, y, z) ∈ R3

∣∣ |p| = 1
}

.
Now consider the following sets

U+ =
{
p = (x, y, z) ∈ S2

∣∣z > −1
}

;

U− =
{
p = (x, y, z) ∈ S2

∣∣z < 1
}
.

The set U+ is the sphere with its South pole removed and U− has the North pole removed. These sets
together form an open cover for S2. By drawing a line from one of the poles that intersects the sphere in a
point p, we obtain a line that intersects the xy-plane in single point (see Figure 1 for U−). This construction
defines the stereographic projections ϕ± : U± → R2 given by

ϕ±(p) =
1

1± z
(x, y),

for a point p = (x, y, z) ∈ S2. For the maps ϕ± we can construct the inverse maps

(ϕ±)−1(u, v) =

(
2u

1 + u2 + v2
,

2v

1 + u2 + v2
,∓u

2 + v2 − 1

1 + u2 + v2

)
.
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2 SEMI-RIEMANNIAN GEOMETRY

U−

x

y

z

φ

θ

N

p

ϕ(p)

Figure 1: The stereographic projection ϕ− for U−.

Therefore, the maps ϕ± are both bijections. Both ϕ± and (ϕ±)−1 are continuous, which make the maps ϕ±

homeomorphisms. Thus, the set A = {(U+, ϕ+), (U−, ϕ−)} is an atlas. Now we want to check if this is a
smooth atlas by checking that both charts are smoothly compatible. The transition maps ϕ+ ◦ (ϕ−)−1 and
ϕ− ◦ (ϕ+)−1 and their inverses are given by

(
ϕ± ◦ (ϕ∓)−1

)
(u, v) =

1

1 + u2+v2−1
1+u2+v2

(
2u

1 + u2 + v2
,

2v

1 + u2 + v2

)
=

1

2u2 + 2v2
(2u, 2v);

(
(ϕ∓)−1 ◦ ϕ±

)
(x, y, z) =

1

1 +
(

x
1±z

)2

+
(

y
1±z

)2

(
2

x

1± z
, 2

y

1± z
,±

((
x

1± z

)2

+

(
y

1± z

)2

− 1

))
.

Both of these functions are smooth, because ϕ±(U+ ∩ U−) = R2 \ {0}, so none of the denominators become
zero. This makes A a smooth atlas and, thus, we know there exists a smooth structure on S2.

We can also determine if the maps between manifolds are smooth. Let M and N be smooth manifolds.
The smooth structures on M and N determine whether the map F : M → N is smooth or not. The map
F : M → N from an m-dimensional to an n-dimensional smooth manifold is smooth if for every p ∈M there
exist smooth charts (U,ϕ) for M with p ∈ U and smooth charts (V, ψ) for N with F (p) ∈ V such that
F (U) ⊆ V and the composition ψ ◦ F ◦ ϕ−1 : φ(U) → ψ(V ) is smooth as a map from Rm to Rn. When
F : M → N is a homeomorphism and both F and F−1 are smooth, then the F is called a diffeomorphism.
Two smooth manifolds M and N are diffeomorphic, denoted by M ∼= N , if there exists a diffeomorphism
between them. Diffeomorphisms are the structure preserving maps in the theory of manifolds, just like home-
omorphisms are in topology.

Just like we can approximate small neighbourhoods of surfaces as subsets of Rm by their tangent plane,
small neighbourhoods of points on a manifold can be linearly approximated by their tangent space. There
are several different ways of defining tangent vectors on manifolds [Lee18, Chapter 3]. The construction of
tangent vectors is based on an abstract generalisation of the notion of the directional derivative on Euclidean
space.
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2 SEMI-RIEMANNIAN GEOMETRY

Definition 2.6. Let M be a smooth manifold and let p ∈ M . A linear map v : C∞(M) → R is called a
derivation at p if it satisfies

v(fg) = f(p)v(g) + g(p)v(f) for all f, g ∈ C∞(M). (2.1)

The set of all derivations of C∞(M) at p, denoted by TpM , is a vector space called the tangent space to M
at p. An element of TpM is called a tangent vector at p.

Just like in the case of surfaces as subset of Rn tangent vectors in TpM can be visualised as arrows that are
tangent to M in the point p. For each p ∈M , the tangent space TpM forms an m-dimensional vector space
with m = dim(M). A basis for TpM can be given by coordinate vectors at p, denoted by ∂/∂xi|p≡ ∂i|p.
These coordinate vectors can be characterised by their local action in the open neighbourhood U of p on
smooth functions f ∈ C∞(U)1 determined by

∂

∂xi

∣∣∣∣
p

(f) =
∂

∂xi

∣∣∣∣
ϕ(p)

(f ◦ ϕ−1). (2.2)

That is to say that ∂i|p takes the i-th partial derivative of the coordinate representation of f at p. In the case
of M = Rm, these coordinate vectors are actually the partial differentiation operators (since ϕ = IdM ) and
we observe that TpRm ∼= Rm. Using the coordinate basis (∂i|p) a tangent vector v ∈ TpM can be expressed
as

v = vi
∂

∂xi

∣∣∣∣
p

, (2.3)

where the j-th component vj is given by v(xj), the derivation of the j-th coordinate xj .

For some of the more advanced objects defined on manifolds, that we will encounter later on, we are in-
terested in the space of all tangent vectors.

Definition 2.7. Given a smooth manifold M , we define the tangent bundle of M , denoted by TM , to be
the disjoint union of the tangent spaces at all points of M , that is

TM =
⊔
p∈M

TpM =
⋃
p∈M
{p} × TpM.

We write an element of this union as an ordered pair (p, v) with p ∈ M and v ∈ TpM . The tangent bundle
comes equipped with the projection map π : TM → M given by π(p, v) = p. For an m-dimensional smooth
manifold M , its tangent bundle is a smooth 2m-dimensional manifold [Lee18, Prop. 3.18]. The tangent
bundle TM inherits its smooth structure from the structure on M by utilising the projection map π. The
tangent bundle is an important example of a vector bundle. This is a topological notion where every point
of a topological space x ∈ X gets associated with a vector space V (x) (see Appendix A.1).2 In the language
of vector bundles, the inverse image π−1(p) = TpM is called a fibre.

Using the tangent bundle we can generalise the concept of usual vector fields on Rn to manifolds.

1The proper definition of coordinate vectors makes use of the differential of the chart ϕ. The differential is the generalisation
of the total derivative from Euclidean space to manifolds. For more information on the coordinate vectors see [Lee13, p. 60]

2For further references on vector bundles see [ONe83, section 7][Lee13, section 10].
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2 SEMI-RIEMANNIAN GEOMETRY

Definition 2.8. Let M be a smooth manifold. A vector field on M is a continuous map X : M → TM ,
usually written as X(p) = Xp, with the property that π ◦X = IdM .

TM

M

π X

When X : M → TM is smooth as a map between manifolds, then X is a smooth vector field on M . The set
of all smooth vector fields on M is denoted by X(M).

Basically, a vector field X simply assigns a tangent vector Xp ∈ TpM to each point p ∈ M . We can
utilise vector fields to introduce a concept that will prove really helpful for performing local calculations on
manifolds.

Definition 2.9. A local frame (Ei) for M is an ordered n-tuple of vector fields (E1, . . . , En) defined on an
open set U ⊆M , such that the vectors (E1|p, . . . , En|p) forms a basis for TpM for every p ∈M .

There is a frequently occurring instance of a local frame. If (U, xi) is a local chart for M , then the local
coordinate vector fields (∂/∂xi) ≡ (∂i) form a local frame called the coordinate frame.

2.2 Tensors

Tensors play an integral part in differential geometry and are essential to establish notions such as distance
and angles on a manifold. Tensors can be characterised in several ways like the generalisation of vectors and
matrices or the elements of abstract tensor products. We will opt for a less abstract characterisation, namely
multilinearity.

Definition 2.10. Suppose V1, . . . , Vk and W are vector spaces over R. A map F : V1× · · · ×Vk →W is said
to be multilinear, if it is linear in each of its variables when the other variables are kept fixed, that is, for
each i = 1, . . . , k we must have

F (v1, . . . , avi + bwi, . . . , vk) = aF (v1, . . . , vi, . . . , vk) + bF (v1, . . . , wi, . . . , vk).

Before we define tensors, recall from linear algebra that given a real vector space V , the dual space V ∗ is the
vector space of linear forms or covectors ω : V → R under the operations of pointwise addition and pointwise
multiplication by a constant.

Definition 2.11. Suppose V is a finite-dimensional vector space over R and V ∗ is its dual space. A mixed
tensor of type (k, l) is defined as a multilinear map

F : V ∗ × · · · × V ∗︸ ︷︷ ︸
k copies

×V × · · · × V︸ ︷︷ ︸
l copies

→ R.

The space of tensors of type (k, l) on a real vector space V is denoted by T kl (V ). The sum k+ l of covectors
and vectors a tensor takes as arguments is called the tensor’s rank.

We can distinguish several types of tensors. If the tensor is of type (k, 0) it is called a contravariant k-tensor
and if it is of type (0, l) it is called a covariant l-tensor. Per definition (0, 0) tensors are scalars so T 0

0 (V ) = R.
Covectors are also an important class of tensors and can be viewed as covariant (0, 1)-tensors, so T 0

1 (V ) = V ∗.

8



2 SEMI-RIEMANNIAN GEOMETRY

Tensors also come with a natural product. By generalising this product to vector spaces one could rig-
orously define tensors, but this is outside of the scope of this thesis. The book by Lee on smooth manifolds
offers a great elaboration of this characterisation of a tensor [Lee13, p. 309]. The tensor product transforms
two tensors of rank n and m to a tensor of rank n+m.

Definition 2.12. Suppose V is a finite-dimensional vector space over R. For F ∈ T kl (V ) and G ∈ T rs (V ),
the tensor product F ⊗G ∈ T k+r

l+s (V ) is defined by

F ⊗G(ω1, . . . , ωk+r, v1, . . . , vl+s) = F (ω1, . . . , ωk, v1, . . . , vl)G(ωk+1, . . . , ωk+r, vl+1, . . . , vl+s).

We can also distinguish classes of tensors by checking how they transform when two arguments are inter-
changed. One of these classes is of particular interest for semi-Riemannian geometry, namely the symmetric
tensors. Symmetric tensors will prove vital for generalising scalar products to the tangent bundles of man-
ifolds. We will therefore restrict ourselves to covariant tensors to define what it means to be symmetric,
because covariant tensors take vectors as arguments.

Definition 2.13. Suppose V is a finite-dimensional vector space over R, then a covariant l-tensor F ∈ Tl(V )
is called symmetric if its value in invariant under the pairwise exchange of two arguments:

F (v1, . . . , vi, . . . , vj , . . . , vl) = F (v1, . . . , vj , . . . , vi, . . . , vl),

for all 1 ≤ i < j ≤ k.

We have now established the notion of tensors for vector spaces. This can now easily be applied to a
manifold, since tangent spaces are vector spaces. However, for future purposes we want to assign a tensor to
each tangent space, so we will need tensor fields on a manifold instead of just tensors. To this end, we first
define the (k, l)-tensor bundle on M as the set

T kl TM =
⊔
p∈M

T kl (TpM),

with the natural projection map π : T kl TM → M given by π(p,Ap) = p for p ∈ M and Ap ∈ T kl (TpM).
The fibres of this vector bundle are the spaces of (k, l)-tensors on TpM . This vector bundle again inherits a
unique smooth structure from M making it a smooth manifold, just as was the case for the tangent bundle
TM . This follows from the vector bundle chart Lemma A.2 (also see [Lee13, p. 253]). With the tensor bundle
covered, we can introduce tensor fields similar to how we defined vector fields on a manifold.

Definition 2.14. Suppose M is a smooth manifold. A tensor field A of type (k, l) on M is a smooth map
A : M → T kl TM , such that π ◦A = IdM for the natural projection π : T kl TM →M .

T kl TM

M

π A

As a shorthand for ‘tensor field’ we will use the word ‘tensor’ most of the times.

We can also find a local expression for tensor fields by employing the tensor product from Definition 2.12.
Let (U, xi) be a local chart for M . As we have seen (∂1, . . . , ∂n) is a local frame. Using this coordinate
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2 SEMI-RIEMANNIAN GEOMETRY

frame we can define the dual coframe (dx1, . . . , dxn), where dxi is the differential of xi. This coframe satisfies
dxi(∂j) = δij per definition. In local coordinates (xi) the (k, l)-tensor field A can be expressed as

A = Ai1,...,ikj1,...,jl
∂i1 ⊗ · · · ⊗ ∂ik ⊗ dxj1 ⊗ · · · ⊗ dxjl ,

with the component functions Ai1,...,ikj1,...,jl
∈ C∞(U). For most purposes we will use the local expression of a

tensor in calculations. We can freely switch between global and local tensor notation, because ultimately
tensors are determined by their local behaviour. Note that the covariant components are presented by lower
indices and contravariant components are presented by upper indices in the local notation. A covariant
2-tensor A ∈ T 0

2 TM , for instance, has local component functions Aij .

2.3 Semi-Riemannian and Lorentzian Geometry

With the help of tensors, we can start exploring the geometry of a manifold. As Gauss has famously shown,
the geometry of a space is fully determined by its inner product. For manifolds we will specify a geometry
by introducing a metric tensor. This is a symmetric covariant (0, 2)-tensor also called symmetric bilinear
form that is nondegenerate. A bilinear form ω : V × V → R is nondegenerate if for v ∈ V with v 6= 0 there
exists w ∈ V such that ω(v, w) 6= 0. The metric tensor will furnish a manifold’s tangent spaces with a scalar
product3.

Scalar products reduce vector spaces to a direct sum of linear subspaces where the scalar product is ei-
ther positive definite or negative definite. The signature of a scalar product is the tuple (v, p) where v
equals the maximal dimension of a subspace, where the scalar product is negative definite, and p equals the
dimension of the vector space minus v. The number v is also called the index.

Definition 2.15. A metric tensor g on a smooth manifold M is a smooth symmetric nondegenerate (0, 2)-
tensor field on M of constant index. A semi-Riemannian manifold (M, g) is a smooth manifold M equipped
with a metric tensor g.

In the case that the metric’s index is zero, all tangent spaces get equipped with an inner product. This
defines the important class of Riemannian manifolds. These manifolds are less relevant for the remainder
of this thesis, yet they offer some very instructive examples for this introduction to differential geometry.
Moreover, the Riemannian metric has the special property that it turns a manifold in a metric space with
a topology that coincides with the natural manifold topology [Lee18, Thm. 2.55]. Every smooth manifold
admits a Riemannian metric [Lee18, Prop. 2.4]

Since the metric introduces a scalar product to each tangent space, we can use the notation gp(v, w) = 〈v, w〉
for v, w ∈ TpM . The metric also has a local expression that is very helpful for calculations. Let (xi) be a
coordinate chart for M , then the local components of the metric g are given by

gij = 〈∂i, ∂j〉. (2.4)

Using this component functions the metric g can be expressed as

g =
∑

gij dx
i ⊗ dxj . (2.5)

3Note the term scalar product was used instead of inner product. This is a symmetric nondegenerate bilinear form just like
the inner product but lacks the extra condition of being positive definite.

10
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We can also introduce a line element ds2 which we can integrate to calculate the length of paths. This line
element is given by4

ds2 =
∑

gij dx
idxj . (2.6)

Example 2.16 (Euclidean space). The simplest example of a Riemannian manifold is Euclidean space
(Rn, g), where g is the Euclidean metric that furnishes TpRn ∼= Rn with its usual dot product. In coordinates
(xi) with v = vi∂i|p and w = wj∂j |p we get

g(v, w) =

n∑
i=1

viwi.

It is now easy to see that gij = 〈∂i, ∂j〉g = δij .

Example 2.17 (Sphere). For a less trivial example, we return to the sphere S2 from Example 2.5. We will
use the fact the sphere can be viewed as a two-dimensional manifold embedded in R3 to define a metric on
S2 derived from the metric on (R3, g). This can be accomplished by restricting g to vectors tangential to S2.
Thus, the round metric5 g̊ is defined by g̊p(v, w) = gp(v, w) with v, w ∈ TpS2. To calculate the components
g̊ij we use that S2 can be parameterised as

~r(θ, ϕ) =


x = cos(ϕ) sin(θ);

y = sin(ϕ) sin(θ);

z = cos(θ).

By using this parameterisation, we find the following expressions for the coordinate vectors ∂θ and ∂ϕ.

∂

∂θ

∣∣∣∣
(θ,ϕ)

=
∂x

∂θ

∂

∂x
+
∂y

∂θ

∂

∂y
+
∂z

∂θ

∂

∂z
= cos(ϕ) cos(θ)

∂

∂x
+ sin(ϕ) cos(θ)

∂

∂y
− sin(θ)

∂

∂z
;

∂

∂ϕ

∣∣∣∣
(θ,ϕ)

=
∂x

∂ϕ

∂

∂x
+
∂y

∂ϕ

∂

∂y
+
∂z

∂ϕ

∂

∂z
= − sin(ϕ) sin(θ)

∂

∂x
+ cos(ϕ) sin(θ)

∂

∂y
.

Now we can calculate the local component of the round metric from Eq. (2.4). This gives the result

g̊θθ = 〈∂θ, ∂θ〉g =

(
∂x

∂θ

)2

+

(
∂y

∂θ

)2

+

(
∂z

∂θ

)2

= cos2(ϕ) cos2(θ) + sin2(ϕ) cos2(θ) + sin2(θ) = 1;

g̊ϕθ = 〈∂θ, ∂ϕ〉g =
∂x

∂θ

∂x

∂ϕ
+
∂y

∂θ

∂y

∂ϕ
+
∂z

∂θ

∂z

∂ϕ
= − cos(ϕ) cos(θ) sin(ϕ) sin(θ) + sin(ϕ) cos(θ) cos(ϕ) sin(θ) = 0;

g̊ϕϕ = 〈∂ϕ, ∂ϕ〉g =

(
∂x

∂ϕ

)2

+

(
∂y

∂ϕ

)2

+

(
∂z

∂ϕ

)2

= sin2(ϕ) sin2(θ) + cos2(ϕ) sin2(θ) = sin2(θ).

These components can be neatly summarised in matrix notation.

g̊ij =

(
1 0
0 sin2(θ)

)
, g̊ij =

(
1 0
0 1

sin2(θ)
.

)
(2.7)

4In equation (2.6) the term dxidxj is the symmetric tensor product dxidxj = 1
2

(dxi ⊗ dxj + dxj ⊗ dxi) for the dual coframe

(dxi) of the coordinate frame (∂i).
5Rigorously, the round metric is defined by the pullback of the round metric over the inclusion ı using the differential dı, so

g̊p(v, w) = gp(dıp(v), ıp(w)) [Lee18, p. 16].
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Here g̊ij gives the local components of the contravariant metric tensor. For these matrices we must have
g̊ij g̊

ij = δij , where δij is the Kronecker delta. Since g̊ij is diagonal, the matrix g̊ij can easily be calculated by
inverting the diagonal elements of g̊ij .

Because a semi-Riemannian metric tensor generates a scalar product, the “norm” ‖v‖2 = 〈v, v〉 is not neces-
sarily positive, but can also be negative. This makes ‖.‖ a seminorm. Now the different signs of the seminorm
allow us to distinguish several kinds of tangent vectors.

Definition 2.18. Suppose (M, g) is a semi-Riemannian manifold and take p ∈ M . The tangent vector
v ∈ TpM is called

spacelike if 〈v, v〉 > 0 or v = 0;

null if 〈v, v〉 = 0 and v 6= 0;

timelike if 〈v, v〉 < 0;

causal or nonspacelike if 〈v, v〉 ≤ 0 and v 6= 0.

These categories of vectors are often called the causal character. When we enter the realm of special and
general relativity these terms start to have a physical meaning that is of the utmost importance for the
following section on causality theory. In what follows we introduce the Lorentzian manifold, the framework
for relativity.

Definition 2.19. A Lorentzian manifold is an m-dimensional manifold equipped with a metric of signature
(1,m− 1) often written as (−,+,+, . . .).

On these manifolds we have one virtual dimension representing the time and m − 1 physical dimensions
representing the spatial dimensions.

Example 2.20. The most simple example of a Lorentzian manifold and the one used for special relativity
is Minkowski space.6 For this space we equip Rm with the metric7 η =

∑
ηµν dx

µdxν , which is constant
everywhere and given by

ηµν =


−1 if µ = ν = 0;

1 if µ = ν = 1, 2, 3;

0 if µ 6= ν.

(2.8)

Now we turn back to Definition 2.18 to give a physical meaning to the causal character. Suppose γ : I →M is
a (piecewise) smooth curve on a Lorentzian manifold and γ̇(t) is the velocity field along γ. If 〈γ̇, γ̇〉 keeps the
same sign for every t ∈ I the terms from Def. 2.18 apply to curve as a whole, so a null curve for instance has
〈γ̇, γ̇〉 = 0 everywhere. Null curves now describe the path of particles moving at the speed of light, timelike
curves describe massive particles moving slower than the speed of light and spacelike curves describe objects
moving faster than light. This gives rise to the so called light cones shown in Figure 2. Because the speed
of light c is finite, one is only able to have an influence on or be influenced by events contained in their light
cones. Null and timelike are therefore called causal, because they correspond to directions where one can
have a cause-and-effect relationship. We shall generalise this to arbitrary spacetimes in Section 3.

6We choose c = 1 so we do not have to scale the virtual dimension.
7From this point on we will always use Greek letters to denote the indices for objects on Lorentzian manifolds, where index

0 corresponds to the virtual dimension and higher indices correspond to physical dimensions.
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γξ

x

y

t

O

Figure 2: The light cones of the origin O in Minkowski space (R3, η) with a timelike curve ξ which lies in
the interior of the light cone and a null curve γ which lies on the boundary of the light cone.

Lorentzian manifolds will be extensively studied in this thesis. Not all smooth manifolds, however, can be
equipped with a Lorentzian metric. The following proposition tells us which manifolds can be turned into a
Lorentzian manifold [ONe83, p. 149].

Proposition 2.21. Let M be a smooth manifold. Then, there exists a Lorentzian metric on M if and only
if either M is noncompact, or M is compact and has Euler characteristic8 χ(M) = 0.

One of the metric’s primary applications is the calculating the “length” of a curve.

Definition 2.22. Let γ : [a, b] → M be a piecewise smooth causal curve on a Lorentzian manifold (M, g).
The length of γ with respect to the metric g is

Lg(γ) =

∫ b

a

‖γ̇(t)‖ dt, (2.9)

where ‖γ̇(t)‖ :=
√
−〈γ̇(t), γ̇(t)〉.

Note that we are dealing with a Lorentzian metric, so lengths do not behave as one would expect because the
scalar product is not positive definite. In Minkowski space, for instance, a null curve with ‖γ̇‖ = 0 everywhere
has length zero.

Recall that if γ : I → M is a smooth curve, a curve γ̃ = γ ◦ φ : I ′ → M , with φ : I ′ → I a diffeomorphism
of intervals, is called a reparameterisation of γ. The length of a curve is independent of its parameterisation
[ONe83, p. 132]. In this thesis we will only cover notions that are independent of the chosen parameterisation.
We will, therefore, often rather loosely use the word ‘curve’ to mean the equivalence class of admissible curves
with the same image. This can be done without any problems because reparameterisation does not change
any outcomes in our case.

2.4 Connections and Geodesics

Recall from physics that an object that does not experience an acceleration is either at rest or moves with
constant velocity. In the case of constant velocity, the object’s motion traces out a straight line as its path;

8The Euler characteristic is a topological invariant that tells us something about the general shape of a topological space.
For more information, see [Ful95].
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that, at least, is the case for objects moving in Euclidean space. On manifolds this is not necessarily the
case, however. This brings us to another important concept for manifolds: geodesics. Geodesics are the
generalisation of straight lines and are founded on the idea that particles with zero acceleration trace out
geodesics. Recall that acceleration in physics is the second order time derivative of the position, but on
manifolds it is not at all apparent what such a derivative should be. As it happens a suitable derivative can
be given in terms of a connection [ONe83, p.59][Lee18, p. 89].

Definition 2.23. A connection ∇ on a smooth manifold M is a map X(M) × X(M) → X(M) given by
(X,Y ) 7→ ∇XY that satisfies

(C1) ∇ is linear over C∞(M) in X.

(C2) ∇ is linear over R in Y .

(C3) ∇X(fY ) = f∇XY + (Xf)Y , for all f ∈ C∞(M).

By performing ∇XY for X,Y ∈ X(M) we differentiate the vector field Y along X. In Rm this corresponds to
taking the directional derivative of Yp in the direction Xp at every point p ∈ Rm. Note that definition 2.23
does not specify a unique connection on a manifold. By requiring some additional properties that make the
connection better-behaved we can find a connection that is uniquely determined for every semi-Riemannian
manifold (M, g) [ONe83, p. 61]. Before we can look into these properties we need to introduce an important
operation for vector fields: the Lie bracket9. The Lie bracket is a map defined by

[X,Y ] = XY − Y X, (2.10)

for X,Y ∈ X(M). Note that [X,Y ] is again a vectorfield. In the case that [X,Y ] = 0 we say that X and Y
commute. Now we can prove one of the paramount theorems from semi-Riemannian geometry.

Theorem 2.24. On a semi-Riemannian manifold (M, g) there exists a unique connection ∇ such that for
all X,Y, Z ∈ X(M):

(C4) [X,Y ] = ∇XY −∇YX
(C5) Z〈X,Y 〉 = 〈∇ZX,Y 〉+ 〈X,∇ZY 〉

This connection is called the Levi-Civita connection on (M, g).

Sketch of proof. This theorem can be proven by showing that Properties (C4) and (C5) specify that the
Levi-Civita connection can be characterised by the formula

2〈∇XY,Z〉 = X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X,Y 〉 − 〈Y, [X,Z]〉 − 〈Z, [Y,X]〉+ 〈X, [Z, Y ]〉 (2.11)

This is known as the Koszul formula. This formula uniquely determines the Levi-Civita connection and one
can show that a connection satisfying this formula must always exist [ONe83, p. 61].

As we have seen so far, most objects on manifolds are determined by their local behaviour and thereby have
a local expression. This is also the case for connections. The local components of a connection are specified
by

∇∂i∂j = Γkij∂k, (2.12)

where the functions Γkij : U → R are called connection coefficients10. We are especially interested in the
Levi-Civita connection, whose connection coefficients follow directly from Koszul’s formula.

9The Lie bracket is an instance of the more general Lie derivative that is defined using flows [Lee13]. Furthermore, the Lie
bracket defines a Lie Algebra on X(M).

10The index notation might give the impression that these coefficients are tensors, yet this is not the case.
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Proposition 2.25. Let (M, g) be a semi-Riemannian manifold. In local coordinates the Christoffel symbols
Γkij of the Levi-Civita connection are given by

Γkij =
1

2
gkl (∂igjl + ∂jgil − ∂lgij) (2.13)

where gkl is the inverse of gkl.

Example 2.26 (Sphere). As a simple example, we can calculate the Christoffel symbols of the sphere S2.
Using the results in Equation (2.7), we can calculate the symbol Γθϕϕ as follows

Γθϕϕ =
1

2
gθθ (∂ϕgθϕ + ∂ϕgϕθ − ∂θgϕϕ) +

1

2
gθθ (∂ϕgϕϕ + ∂ϕgϕϕ − ∂ϕgϕϕ) = −1

2
gθθ∂θgϕϕ = − sin(θ) cos(θ).

With similar calculations, we obtain the the rest of the Christoffel symbols and show that the only nonzero
Christoffel symbols are

Γθϕϕ = − sin(θ) cos(θ), Γϕθϕ = Γϕϕθ = cot(θ). (2.14)

Connections become more intuitive by applying them to curves. Suppose we have a curve γ : I → M on
a manifold M . Now we want to research how a vector field V ∈ X(γ) defined on γ changes along this
curve, so in other words we want to differentiate the field V along the curve γ. The connection ∇ deter-
mines a unique operator along the curve γ called the covariant derivative ∇γ̇ : X(γ)→ X(γ) that is given by

∇γ̇V (t) = ∇ ˙γ(t)
Ṽ , where Ṽ ∈ X(M) is an extension of V ∈ X(γ) such that Ṽ |γ= V .11,12

With the covariant derivative as our notion of a derivative, we have all the tools necessary to define a
geodesic. We call a vector field V ∈ X(γ) parallel along γ if ∇γ̇V = 0. Now the geodesics on M are those
curves γ that parallel transport their own velocity field γ̇ along γ̇.

Definition 2.27. A smooth curve γ : I →M is called a geodesic if ∇γ̇ γ̇ = 0.

We can interpret this as the “second time derivative” of γ being zero, so a particle that moves along a geodesic
γ has zero acceleration in this sense.

Remark 2.28. In physics, in particular classic mechanics, a free falling particle follows a “straight line” if
its acceleration is zero. In the case of general relativity, space is bent by matter and energy, so the ambient
space is a curved Lorentzian manifold instead of the classical flat Euclidean space. Now a free particle’s path
is no longer described by a straight line, but by a geodesic. More on the interplay between curvature and
matter in general relativity will follow in Section 2.5.

When we express a curve γ on M in local coordinates (U, xi) by writing yi(t) = (xi ◦ γ)(t) and combine this
with the local expression of the covariant derivative [Lee18, Eq. 4.15], we obtain

d2yk(t)

dt2
+ Γkij(γ(t))

dyi(t)

dt

dyj(t)

dt
= 0. (2.15)

Equation (2.15) is called the geodesic equation, which is a system of m = dim(M) second order ordinary dif-
ferential equations. The Picard-Lindelöf theorem13 tells us that this system of differential equations uniquely

11By the constant rank theorem [Lee13, Thm. 4.12] we can find a closed interval J containing t0, such that γ(t) = (t, 0, . . .)
for t ∈ J . Because γ(J) is closed, we can find a smooth extension Ṽ j of the components V j of V in some open neighbourhood
U , which contains γ(J), by the smooth extension lemma [Lee13, Lem. 2.26].

12The connection ∇XY |p depends only on the values of Y in a neighbourhood of p and the value of X at p [Lee18, Prop. 4.5].
Therefore, the value of the covariant derivative ∇γ̇V does not depend on the chosen extension of V .

13For more information on the Picard-Lindelöf theorem see [Bra93, Chapter 1.10][Lee18, Thm. 4.31].
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determines the geodesic for given initial conditions γ(0) = p and γ̇(0) = v ∈ TpM .

To illustrate how the geodesic equation can be used to determine the geodesics on a manifold, we look
further into the examples of Minkowski spacetime from Lorentzian geometry and the sphere from Rieman-
nian geometry we have covered before.

Example 2.29 (Minkowski spacetime). Consider Minkowski spacetime (R4, η) again. Recall from Example
2.20 that the metric η is constant everywhere. Therefore, all the partial derivatives of the metric vanish and
from Equation (2.13) we simply obtain Γαµν ≡ 0. Let γ : I → M be a curve which is parameterised by τ ,
which we will interpret to be the time a particle following the curve experiences itself.14. Let (xα) be smooth
coordinates given by x(p) = (t, x, y, z), then this yields the particularly easy geodesic equation

ÿα(τ) = 0

The solutions are given by four-dimensional straight lines. Suppose we have a particle with initial position
y(0) = (0, x0, y0, z0). Also suppose it has physical initial velocity ~v = (vx, vy, vz) with ‖~v‖ = v, then it has
the initial proper velocity15

uα(0) =
1√

1 + v2
(1, vx, vy, vz) = γ (1, vx, vy, vz)

where γ > 0 is the Lorentz-factor. Now the straight lines take on the form y(τ) = (γτ, x0 + τγvx, y0 +
τγvy, z0 + τγvz). These lines are called the world lines. A very important class of world lines is given by
the case v = c = 1 . These lines are called light lines and describe the path of massless particles such as
photons. These lines mark the boundary between events that can be causally related and events that are
spatially separated (see the light cones in Figure 2).

x

y

z

φ

θ

γ

TpM

v

∂θ

∂ϕ

p

Figure 3: The geodesics of a sphere are great circles.

14The parameter τ is called the proper time and is often used in special relativity, because it is Lorentz-invariant which means
that this quantity is independent of your inertial reference frame. [Gui19, p. 70]

15For further reading on the topic of special relativity and proper velocities, see [Gui19].
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Example 2.30 (Sphere). We can also look at the geodesics of S2. Applying the expressions for the Christoffel
symbols from Example 2.26 to equation (2.15) gives the geodesic equation{

θ̈(t)− sin(θ) cos(θ) ϕ̇(t)2 = 0

ϕ̈(t) + 2 cot(θ) θ̇(t)ϕ̇(t) = 0

Rigorously solving this system of odes would not be very illuminating for the remainder of this thesis, so
we will just show that the solutions of the geodesic equation are great circles. Great circles are circles that
circumnavigate the sphere and lie in a plane that crosses the centre of the sphere (see Figure 3). Suppose we
orient the sphere in such a way that for p = (θ0, ϕ0) we have the initial velocity v = (ω0, 0), so we have no
ϕ-component. The corresponding great circle is then given by

γ(t) =

{
θ = ω0t+ θ0

ϕ = 0
(2.16)

Since ϕ̇(t) = 0, it is easy to see that γ(t) solves the geodesic equation and is therefore indeed a geodesic.

2.5 Curvature and the Einstein Equation

Intuitively it is quite easy to imagine what curvature is, but defining this mathematically is quite tedious. A
good starting point is comparing two simple 2-dimensional Riemannian manifolds: the Euclidean plane R2

and the sphere S2. We can find an inherent difference between these two manifolds when we look at parallel
transport. In R2, parallel transporting a vector along a curve always yields a final vector that is parallel to
the initial vector. This is independent of the path we take. On S2, however, this is not the case. When we
parallel transport a vector at the same longitude, we obtain a different vector from the case where we first
transport it along a curve of constant latitude and then along the same longitude to reach the same point
(see Figure 4).

y

x

P Q

N

(a) Parallel transporting a vector on the plane
R2.

x

y

z

P

Q

N

(b) Parallel transporting a vector on the
sphere S2.

Figure 4: On the Euclidean plane R2 parallel translation results in the same vector regardless of the path
taken. For the sphere S2, this is not the case and parallel translating vectors along different path yields

different vectors as end result.
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The inherent difference between these two manifolds is that the Lie bracket [∇X ,∇Y ] of covariant derivatives
is not equal to the covariant derivative ∇[X,Y ] of the Lie bracket on S2, while, in contrast, these are the same
on R2 [Lee13, p. 193]. This leads us to the following definition of curvature.

Definition 2.31. Let (M, g) be a semi-Riemannian manifold and define the map R : X(M)×X(M)×X(M)→
X(M) by

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.

This map R defines a (1, 3)-tensor field on M and is called the Riemann curvature tensor.

Now a manifold is called flat if and only if R(X,Y )Z ≡ 0 for all X,Y, Z ∈ X(M) [Lee13, Thm. 7.10]. Eu-
clidean space (R4, ḡ) and Minkowski spacetime (Rm, η) are both flat.

The curvature tensor can be expressed in local coordinates (U, xi) as

R = Rijk
l dxi ⊗ dxj ⊗ dxk ⊗ ∂l, (2.17)

where the coefficients Rijk
l : U → R are determined by

Rijk
l∂l = R(∂i, ∂j)∂k. (2.18)

Similar to Proposition 2.25 for Christoffel symbols, the Riemann tensor’s local coefficients can also be deduced
from the metric. The local expression is given in terms of the Christoffel Symbols.

Proposition 2.32. Let (M, g) be a semi-Riemannian manifold. In local coordinates, the components of the
Riemann tensor are given by

Rijk
l = ∂iΓ

l
jk − ∂jΓlik + ΓmjkΓlim − ΓmikΓljm. (2.19)

The Riemannian tensor offers us some important information about a manifold: most notably whether the
semi-Riemannian manifold is flat or not. In the case that all Rijk

l ≡ 0, the manifold is flat.

The information in the Riemannian curvature tensor can also be encoded in a (0, 4)-tensor denoted by
Rm. This tensor contains the same information as R, but due to the non degeneracy of the metric g can be
expressed in the form

Rm(X,Y, Z,W ) = g(R(X,Y )Z,W ). (2.20)

In local coordinates this is written as

Rm = Rijkl dx
i ⊗ dxj ⊗ dxk ⊗ dxl. (2.21)

Its components are given by lowering the upper index of the (1, 3)-curvature tensor, so Rijkl = glmRijk
m.

Often, it is more useful to use this formulation of the Riemann tensor, because it exhibits some useful
symmetries that relate some of the tensor’s components with each other [Lee18, p. 202]. These are the
following symmetries

Rijkl = −Rjikl = −Rijlk = Rklij ; (2.22)

Rijkl +Rjkil +Rkijl = 0. (2.23)

Equation (2.23) is also known as the first Bianchi identity. For an m-dimensional manifold, these symmetries
and the Bianchi identity reduce the m4 components of the Riemann tensor to 1

12m
2(m2 − 1) independent

components.
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Example 2.33 (Sphere). In order to verify that the sphere is indeed not flat, its Riemann curvature tensor
has to be calculated. In example 2.26 we already calculated the sphere’s Christoffel symbols, so computing
the curvature tensor’s components is quite straightforward. When we fill in Equation (2.19) for i = 2, j = 1,
k = 2 and l = 1, we can find an expression for Rϕθϕθ. Note that gθϕ = 0, so we obtain

Rϕθϕθ = g̊θθ

(
∂ϕΓθθϕ − ∂θΓθϕϕ + ΓθθϕΓθϕθ + ΓϕθϕΓθϕϕ − ΓθϕϕΓθθθ − ΓϕϕϕΓθθϕ

)
= −∂θ (− sin (θ) cos (θ)) + cot (θ) · − sin (θ) cos (θ)

= − sin2(θ).

Since the sphere is 2-dimensional we only have one independent component of the Riemann tensor and we
can deduce the other components from the symmetries in equation (2.22). This yields

Rθϕθϕ = − sin2 (θ), Rθϕϕθ = Rϕθθϕ = sin2 (θ), Rθθij = Rϕϕij = 0.

where i and j can be all possible choices of θ and ϕ. The Riemann tensor is clearly not zero, which shows
that the sphere is indeed a curved surface and can not possibly be isometric to R2.

As a rank 4 tensor both formulations of the curvature tensor are quite complicated to work with. To make
this more manageable, we can introduce some other notions of curvature that are a lot easier to handle at the
cost of loosing some information with respect to the curvature tensor. The first of these is the Ricci tensor
denoted by Rc. The local components of this tensor are given by

Rij = Rijk
k = gkmRkijm. (2.24)

The scalar curvature is the function S that assigns a scalar to every point on the semi-Riemannian manifold
and is obtained by taking the trace of the Ricci tensor. It is given by

S = Ri
i = gijRij . (2.25)

The scalar curvature is especially easy to use to get a general idea of what the manifold looks like in a small
neighbourhood of a point. An object living on the manifold, which is embedded in a higher dimensional
euclidean space, would experience a point of positive scalar curvature as a place where curves bend away
from them [Car19]. This is similar to how we see a sailing boat disappear behind the horizon as it moves
away from the harbour. In the near vicinity of a point of negative curvature, in contrast, curves bend towards
you. A schematic view of the implications of the sign of the scalar curvature at a point p is shown in Figure
5.

Remark 2.34. The notion of curvature is crucial for the Einstein’s theory of general relativity. In this
theory, gravity is no longer described as a force, but is a consequence of the curvature of a spacetime. Mass
and energy bend the fabric of spacetime surrounding them, which consequently changes the geodesics in the
region, altering the paths particles follow. A path, that would otherwise be straight, for instance, will bend
towards a massive object, which describes the attraction experienced between massive objects.

Mathematically, general relativity is described by the Einstein equations, which are given by [Car19, p. 112]

Rµν −
1

2
Sgµν =

8πG

c4
Tµν , (2.26)

where Rµν is the Ricci tensor, S the scalar curvature, gµν the metric, G the gravitational constant and Tµν
the stress-energy tensor. The tensor Tµν describes where mass, momentum and energy are located in the
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2 SEMI-RIEMANNIAN GEOMETRY

(a) Positive scalar curvature (b) Negative scalar curvature

Figure 5: A simple impression of what positive and negative scalar curvature at a point p roughly looks
like in a small neighbourhood [Car19].

universe. The Einstein equations then tell us how the curvature of spacetime reacts to the presence of matter
and energy. In most cases it is very difficult or even impossible to solve the Einstein equations explicitly.
However, there exist some exact solutions such as the Schwarzschild solution that describes the spacetime
outside static, spherically symmetric masses like the sun and black holes and the deSitter and anti-deSitter
spaces that describe spaces with a constant positive or negative curvature, respectively.
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3 CAUSAL STRUCTURE OF SPACETIMES

3 Causal Structure of Spacetimes

The framework of Lorentzian geometry introduces a particular structure on a manifold that originates from
the causal character of tangent vectors: as we have already touched on shortly in Definition 2.18 and Ex-
ample 2.20, events on a Lorentzian manifold can have a cause-and-effect relationship if they are joined by a
curve that has a timelike or null vector everywhere. If there exists such a curve from p to q in Minkowski
spacetime, then q is contained in p’s light cone. In this section we want to formalise this cause-and-effect
relationship and generalise light cones to arbitrary Lorentzian manifolds. This is all described by causality
theory, which we will study in this section. As we will see the causal structure also introduces some neat
topological features to a spacetime.

The material in this section is mostly based on Chapter 3 from the book [BEE96] by Beem et al. which is
commonplace in the field of Causality Theory. It is also supplemented by material from the foundational
work of the Nobel prize laureate Penrose [Pen72], who was among the first to formalise notions on Lorentzian
manifolds in terms of the topology of light cones.

3.1 Time orientations and Spacetimes

Our starting point is an arbitrary Lorentzian manifold. A big misconception is that the notion of time on
a Lorentzian manifold is just supplied by the virtual dimension. This is a bit more intricate. To establish
causal relations between and events and give a sense of “time” we first need to establish a sense of direction
to determine what the past and future are. To this end, we will introduce an orientation to distinguish the
future from the past just like we can add an orientation to a surface to distinguish the top from the bottom.

Definition 3.1. A connected Lorentzian manifold (M, g) is time-orientable if it admits a continuous, no
where vanishing, timelike vector field X. A connected Lorentzian manifold equipped with a time-orientation
is called a spacetime.

(a) Example of a time-oriented Lorentzian cylinder.

(b) Example of a non-time-oriented Lorentzian cylinder.

Figure 6: Not all Lorentzian metrics permit a time orientation. Being orientable is also not related to
being time orientable. The future cone determined by the time-orientation is coloured white and the past

cone is coloured blue.
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3 CAUSAL STRUCTURE OF SPACETIMES

Unlike the standard notion of an orientation that only depends on the topology, time-orientation depends
not only on the chosen manifold M , but also on the Lorentzian metric g. The Lorentzian cylinders R × S
in Figure 6 are topologically homeomorph, yet by choosing a different metric with corresponding timelike
vector field we see that 6a is indeed time-orientable, while 6b is not. Note that we could create a spacetime
in Figure 6b by reverting the identification to obtain a Möbius strip instead of a cylinder. This Möbius strip
is not orientable, yet is a time-orientable surface.

While not every Lorentzian manifold (M, g) is time-orientable, every abstract manifold M that allows a
nowhere vanishing vector field will allow a metric that is time-orientable [ONe83, p. 149]. Because the exis-
tence of a non-vanishing vector field is equivalent to the existence of a Lorentzian metric, this gives rise to
the following proposition.

Proposition 3.2. Let M be a smooth manifold. There exists a time-orientable Lorentzian metric on M if
and only if there exists a Lorentzian metric on M .

Recall from Def. 2.18 that tangent vectors can be divided into different classes on the basis of the sign
of their norms. A time-orientation X on a spacetime (M, g) further divides the class of causal vectors into
two subclasses. A causal vector v ∈ TpM is called future directed if 〈v,Xp〉 < 0 and past directed if 〈v,Xp〉 > 0.

Example 3.3 (Minkowski space). In m + 1-dimensional Minkowski spacetime (Rm+1, η) with coordinates
(t = x0, x1, . . . , xm), the vector field X = ∂t is a time-orientation. That is, the direction of increasing t is the
future. This causes the light cone from an event p ∈ M to split in a future and a past cone (see Figure 2).
This justifies our use of the term ”Minkowski spacetime”.

The notion of future and past directed for vectors naturally extrapolates to curves. For a spacetime (M, g)
with time-orientation X we call a smooth nonspacelike curve γ : I → M future directed if the tangent field
γ̇ of the curve satisfies 〈γ̇, X〉 < 0 and past directed if 〈γ̇, X〉 > 0. The time-orientation X poses some
restrictions on the behaviour future and past directed curves. The continuity of X makes it impossible for
a nowhere vanishing causal vector field along a curve to continuously change from future directed to past
directed. Therefore, a smooth null, timelike or causal curve is always either future or past directed.

3.2 Normal and Convex Neighbourhoods

Local properties of objects are always very important when discussing manifolds. Thus, it is not unexpected
that the local properties of Lorentzian manifolds are very important for causality theory. That is why we
will introduce some notions like the exponential map and convex neighbourhoods to ultimately introduce
Proposition 3.7 that is an integral part of describing the local behaviour of causal curves.

Definition 3.4. Let (M, g) be a Lorentzian manifold. The exponential map expp : TpM → M maps a
v ∈ TpM to γv(1), where γv is the unique geodesic with γv(0) = p and γ̇v(0) = v, given this geodesic exists.

The existence of such a unique geodesic follows from applying the Picard-Lindelöf theorem to the geodesic
equation (2.15). The exponential map has the remarkable property that there exists a neighbourhood V ⊆
TpM of the origin and a neighbourhood U ⊆ M of p such that expp|V : V → U is a diffeomorphism [Lee13,
p. 131][BEE96, p. 53]. We can use this useful property to construct a special kind of neighbourhood for each
point p in M .

Definition 3.5. A neighbourhood N ⊆M of p that is the diffeomorphic image under expp of a starshaped
neighbourhood16 V ⊆ TpM of 0 is called a normal neighbourhood of p.

16This is a neighbourhood such that v ∈ V implies tv ∈ V for all t ∈ [0, 1], so all the lines through the origin are connected.
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3 CAUSAL STRUCTURE OF SPACETIMES

Let (bi) be a basis for TpM . As a basis, this determines a linear isomorphism B : Rn → TpM given by
B(x1, . . . , xn) = xibi. If N = expp(V ) is a normal neighbourhood, we can construct a smooth coordinate
map ϕ = B−1 ◦ (expp|V )−1.

TpM Rn

N

B−1

(expp|V )−1
ϕ

These coordinates are called the normal coordinates centred at p.

For every point on p ∈ M we can find a normal neighbourhood N with unique corresponding normal coor-
dinates [Lee18, p. 132]. The next proposition illustrates the power of normal neighbourhoods in simplifying
local calculations in this neighbourhood [Lee18, p. 132].

Proposition 3.6. Suppose (M, g) is a Lorentzian manifold. Let (x1, . . . , xn) be normal coordinates centred
at p ∈M , then for all i, j, k:

(i) gij(p) = ηij.

(ii) The first order partial derivatives of gij vanish at p.

(iii) Γkij(p) = 0.

Therefore, at the point p the manifold looks like Minkowski space in normal coordinates.

A normal neighbourhood N(p) of p is said to be a convex normal neighbourhood if any two points in N(p)
can be joined by a unique geodesic segment lying entirely inside N(p). Please note the “lying entirely inside”
which is essential for the characterisation of convex normal neighbourhoods. Every semi-Riemannian and
therefore Lorentzian manifold has simple convex normal neighbourhoods about each of its points as shown
by Whitehead [Whi32][ONe83, p. 130]. There exists an additional definition for the convex normal neigh-
bourhood that is equivalent to the definition in terms of geodesics: N(p) is a convex normal neighbourhood
of p if for each point q ∈ N(p), there is a normal neighbourhood N(q) of q such that N(p) ⊆ N(q) [ONe83,
p. 131][BEE96, p. 54].

The following proposition might seem obvious at first glance, yet is fundamental to the idea that the light
cones from Minkowski space can be generalised to an arbitrary spacetime to describe the spacetime’s causal
structure. Roughly speaking, it states that for a point p ∈ M the null geodesics of p in the convex normal
neighbourhood N mark the boundary of the region in N that can be reached by causal curves. In other
words, in a convex normal neighbourhood the causal structure is similar to that of Minkowski spacetime.

Proposition 3.7. Let N be a convex normal neighbourhood of a point p ∈ M . Then the points of N which
can be reached from p by timelike curves, or respectively causal curves, contained in N are those of the form
expp(v) with v ∈ TpM such that g(v, v) < 0, respectively g(v, v) ≤ 0.

Corollary 3.8. Let N be a convex normal neighbourhood of a point p ∈M . If q ∈ N can be reached from p
by a causal curve but not by a timelike curve, then q lies on a null geodesic from p.

The proof for Proposition 3.7 can be found in [HE73, Prop. 4.5.1].
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3.3 The relations � and �
The notions of future and past directed curves now enable us to introduce the cause-and-effect relationships
and causal strucure on a spacetime. Mathematically, we introduce two relations on a spacetime.

Definition 3.9. Let (M, g) be a Lorentzian manifold and take the points p, q ∈ M . If there exists a future
directed piecewise smooth timelike curve from p to q, we say that p� q.
If there is a future directed piecewise smooth causal curve from p to q or if p = q, we say that p � q.

We can read x� y as x chronologically preceeds y and x � y as x causally precedes y. Modifying the relation
� from Definition 3.9, we write p ≺ q if there exists a nonconstant causal curve from p to q. In this case it
could still be possible that p ≺ p, but this would imply that there exists a closed causal curve.

The relations � and � are clearly transitive. We can simply glue the timelike (respectively, causal) curves
from p to q and from q to r together to construct a timelike (respectively, causal) piecewise smooth curve
from p to r to show p� r (respectively, p � r). The relations from Definition 3.9 also satisfy some additional
non-trivial properties.

Proposition 3.10. [Pen72, Prop. 2.18]

p� q and q � r implies p� r;

p � q and q � r implies p� r.

γ

ξ

Ni0

ζ1

Ni1

ζ2

Ni2

ζ3

y1

x1

y2

x2 y3

q

p

r

Figure 7: A timelike curve γ from p to q can be extended in a timelike fashion using the causal curve ξ
from q to r to construct a timelike curve from p to r [Pen72, Fig. 13].

Proof. Suppose that p � q and q � r. In the case q = r, the proposition is trivial. Assume that q 6= r and
let γ be a timelike curve connecting p and q and let ξ be a causal curve joining q and r. As a closed and
bounded subset, the curve ξ is compact and can therefore be covered by a finite number of convex normal
sets N1, . . . , Nn [Pen72, Prop. 1.13]. Set the basepoint x0 = q ∈ Ni0 and let x1 be the future point that
is the endpoint of the segment ξ ∩ N i0 . Now choose a point y1 ∈ Ni0 lying on γ unequal to x0. Because
both x1 and y1 are contained in the convex normal set N i0 , there exists a future directed timelike curve ζ1
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connecting x1 and y1 [Pen72, Lem. 2.16]. Now either x1 = r and we have established the result or x1 /∈ Ni0
and we have to repeat the process. In the latter case, say that x1 ∈ Ni1 and let x2 be the future endpoint of
the segment ξ ∩N i1 . Choose an y2 ∈ Ni1 unequal to x2 lying on ζ1. There exists a future directed timelike
curve ζ2 connecting x2 and y2. Again we either have that x2 = r or we have to repeat the process. We will
eventually reach the endpoint r, because there are only finitely many segments ξ ∩ N i. This way, we have
constructed a piecewise timelike curve from p to r, such that p� r. The case p � q and q � r can be proven
similarly.

The relations � and � have some naturally attributed sets that resemble the light cones we have already
seen. These are defined by

I−(p) = {q ∈M | q � p} (Chronological past);

I+(p) = {q ∈M | p� q} (Chronological future);

J−(p) = {q ∈M | q � p} (Causal past);

J+(p) = {q ∈M | p � q} (Causal future).

These sets can be interpreted as the generalisation of the solid light cones from special relativity to general
relativity. Hence, the sets J±(p) are often called the causal cones of p. As it happens, Proposition 3.7 allows
us to associate some topological properties to the past and future of a point. In particular, the chronological
past and future of a point are always open.

Proposition 3.11. Let p be any point of a spacetime (M, g), then I+(p) and I−(p) are open sets.

N(q)

expq′(V )

I+(p)

γ

I+(q′)

q′

q

p

Figure 8: The construction used in the proof of Proposition 3.11.

Proof. Let q ∈ I+(p), then there exists a future directed timelike piece wise smooth curve γ : [0, 1]→M from
p to q. Let N(q) be a convex normal neighbourhood of q. Take 0 < ε < 1, such that q′ = γ(1 − ε) ∈ N(q).
Since N(q) is convex we can find a normal neighbourhood N(q′) of q′ such that N(q) ⊆ N(q′), so in
particular q ∈ N(q′). By continuity of the metric g, the tangent vector exp−1

q′ (q) has an open neighbourhood

V ⊆ exp−1
q′ (N(q)) of other timelike future pointing vectors. Since expq′ acts as a diffeomorphism on N(q′) ⊇

N(q), the set expq′(V ) is an open set containing q. By Proposition 3.7, the open set expq′(V ) lies inside
I+(q′) and transitivity of � now implies that expq′(V ) ⊆ I+(p). Therefore, I+(p) is open.

This is a very important result that allows us to describe the causal structure of a spacetime with a topological
approach. Proposition 3.11 can even be made stronger by proving that the relation � is open [Min19a,
Prop. 1.16] as a subset of M ×M . Thus, makes the result independent of the choice of p.
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p

I+(p)

Figure 9: Example of a causal future J+(p) that is not closed. Here a point has been removed from
Minkowski space (shown by the open circle).

For the causal future and past, it is unfortunately not that straightforward to assign some clear topological
properties. Ostensibly, one might expect J+(p) and J−(p) to be closed, but this is not necessarily true. In
Figure 9, a point on the null geodesic from p has been deleted from Minkowski spacetime. In this case, the
dashed line is no longer a part of J+(p), yet it is a part of ∂J+(p). This shows that J+(p) is not closed. The
fact that causal futures and pasts are not necessarily closed will give rise to the several interesting possible
causality conditions that we will discuss in the following sections.

We can easily extend the chronological and causal futures and pasts of a point to ones for a subset S ⊆ M .
The chronological future of a subset S ⊆M is defined by

I+(S) =
⋃
s∈S

I+(s) (3.1)

A similar extension applies to the other chronological and causal pasts and futures. From Proposition 3.11
it directly follows that I+(S) and I−(S) are open as unions of open sets. The following easy proposition
illustrates how topology and causality theory go hand in hand and that the openness of the chronological
relation is an advantageous property.

Proposition 3.12. For a subset S ⊆M of a spacetime I+(S) = I+(S).

Proof. Since S ⊆ S it directly follows that I+(S) ⊆ I+(S). For the other inclusion, let q ∈ I+(S) such that
p � q for p ∈ S. Since I−(q) is open and p ∈ I−(q), there exists a p′ � q with p′ ∈ S. Hence q ∈ I+(p′),
and I+(S) ⊆ I+(S).

3.4 Past and Future Sets

There are two important classes of subsets of spacetimes that share some properties with chronological futures
and pasts.

Definition 3.13. A subset F ⊆ M of a spacetime (M, g) is called a future if F = I+(F ) and P ⊆ M is
called a past if P = I−(P ).

By construction, a future or past is always open. Additionally, if we have a point p ∈ F in a future and p� q,
then it follows that q ∈ F . Likewise, for a past if p ∈ P and p� q then q ∈ P . In older literature, these sets
are therefore often called future- and past-trapping. For futures and pasts their closures and boundaries can
easily be determined [BEE96, Prop. 3.7].

Proposition 3.14. Let (M, g) be a spacetime.

1. If F ⊆M is a future set, then F = {p ∈M |I+(p) ⊆ F}
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2. If P ⊆M is a past set, then P = {p ∈M |I−(p) ⊆ P}

Proof. Suppose we have a p ∈M such that I+(p) ⊆ F and I+(p) 6= ∅. Let {qn}n∈N be a sequence in I+(p)
that converges to p. Per assumption, {qn}n∈N is a sequence in F and therefore p is a limit point and p ∈ F .
Conversely, suppose that p ∈ F . For every q ∈ I+(p), the past I−(q) is an open neighbourhood of p. Since
p is an accumulation point, there must exist a point q′ ∈ I−(q) ∩ F . From q′ ∈ F and q′ � q it follows that
q ∈ F , because F is a future set. Therefore, I+(p) ⊆ F . The proof for a past set P with in the same way
with some minor modifications.

Corollary 3.15. Let (M, g) be a spacetime and let F be future set and P be a past set. Then

1. ∂F = {p ∈M | p /∈ F, I+(p) ⊆ F} and

2. ∂P = {p ∈M | p /∈ P, I−(p) ⊆ P}.

At this point, future and past sets may only seem like fun examples to get familiar with the mathematics
of causality theory. However, they are essential for the renowned singularity theorems from Hawking and
Penrose [HE73; Pen72].
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4 Causality and Time Functions

With the tools from causality theory, we are finally able to do some heavy lifting: we will characterise the
existence of time functions by stable causality. This will be the main purpose of this thesis and the proof of
the corresponding theorems will make up most of this section. We shall follow the historical order of how
this equivalence came to be. First, we start with the causality conditions that tell us how “well-behaved”
spacetimes are in terms of time travel and define what it means to be stably causal.

This is followed by a quick warming up for our main theorem’s with some important concepts from Ge-
roch’s seminal paper on the domain of dependence [Ger70]. In this paper, he was the first to introduce
volume functions that form a broad class of non-increasing functions on spacetimes. As we shall see these
functions can be used as a template to construct time functions and are an essential tool in some of the proofs
in this section.

After that, we arrive at the most important part and we continue our discussion with Hawking’s paper
on the existence of time functions [Haw69]. The concept of a time function will properly be introduced. This
notion reinstates the concept of time as an order in such a way that it is compatible with the causal structure
of a spacetime. We shall comment on Hawking’s proof strategies and give a rigorous version of the proofs
he proposed in his paper [Haw69]. In Theorem 4.17, we shall use Geroch’s concept of volume functions in a
similar way Hawking did in [Haw69] to construct a time function on a stably causal spacetime.

We shall uncover that time functions have their shortcomings concerning the proof Hawking envisioned
for the converse statement: we can not prove stable causality from the existence of a time function in a way
that he had in mind. With the stronger notion of a temporal function we are, however, able to employ his
proof strategy in Theorem 4.23 and show that spacetimes that admit such temporal functions are indeed
stably causal. This will be this section’s second major proof. The section concludes with an elaboration how
full equivalence can be achieved by closing the gap between temporal and time functions.

4.1 Causality Conditions

Spacetimes are essential to describe the universe in general relativity. Some spacetimes nonetheless allow
certain behaviour that is not physical. For instance, there could occur a closed loop in a spacetime, such
that one could travel back to a past event by going into the future. Such time travel is very undesirable,
both logically and physically. Therefore, we want to check for certain requirements on spacetimes that give
an idea of how physically reasonable these spacetimes are. These requirements are called causality conditions
and we will cover some of them (for an extensive list of causality conditions see [Min19a, Fig. 20]).

We begin our discussion with the weakest causality condition that prohibits massive particles from trav-
elling to their own past. In this case, the occurrence of closed timelike curves is prohibited.

Definition 4.1. A spacetime (M, g) is called chronological if it does not contain any closed future directed
timelike curves or, in other words, if p /∈ I+(p) for all p ∈M .

This may not be that constrictive of a condition, yet we can already prove that compact spacetimes are not
able to meet this criterion.

Proposition 4.2. A compact spacetime is not chronological.
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Proof. Suppose (M, g) is a compact spacetime. Then the open cover {I+(p)}p∈M for M must contain a
finite open subcover {I+(pi)}1≤i≤n for some n ∈ N. In this subcover, p1 ∈ I+(pi(1)) for some 1 ≤ i(1) ≤ n.
Continuing this argument, pi(1) ∈ I+(pi(2)) for some 1 ≤ i(2) ≤ n, so there exists a future directed timelike
curve from pi(2) to pi(1) and, consequently, from pi(2) to p1, so that pi(2) � pi(1) � p1. This reasoning can be
extended to find a sequence (pi(k))k∈N, such that . . .� pi(k) � pi(k−1) � . . .� p1. Since each i(k) is selected
from the finite set {1, . . . , n}, repetition has to occur. By transitivity of� there exists a j ∈ {1, . . . , n}, such
that pj ∈ I+(pj). Thus, (M, g) fails to be chronological.

Now we continue with a stronger condition. Instead of prohibiting closed timelike curves, we rule out the
occurrence of closed causal curves. In such a spacetime it is not possible for any object, including the ones
that move at the speed of light, to travel to their own past.

Definition 4.3. A spacetime (M, g) is said to be causal if there are no closed causal curves in M , i.e., if
p ⊀ p for all p ∈M .

If a spacetime is causal it follows that the relation � is a partial order [Min19a, Def. 4.30]. Causally preced-
ing is naturally reflexive and transitive as we have seen before. Suppose (M, g) is a causal spacetime. The
implication that p � q and q � p implies that p � p. This would violate the causality of the spacetime if it
were the case that p 6= q. Hence, it follows that p = q, which makes � an antisymmetric relation and, thus,
a partial order.

Clearly, every causal spacetime is also chronological. The converse is not necessarily true nonetheless. As
the following example illustrates, there exist spacetimes that are chronological, yet not causal.

Example 4.4. Take the Lorentzian cylinder (S1 × R, ds2 = dθdt). The components gij of its metric are
given by

gij =

(
0 1

2
1
2 0

)
.

This Lorentzian manifold can be equipped with the constant time orientation X = (1, 1) (see Figure 10).
The resulting spacetime only permits closed future directed curves of the form γ(s) = (s, t0) with s ∈ [0, 2π]
and constant t0 ∈ R. This curve’s tangent vector is given by the constant vector γ̇(s, t) = (1, 0), which is null
everywhere. Therefore, only causality but not chronology is violated.

γ

t

θ

Figure 10: An example of a spacetime that is chronological, yet not causal.

Causality already sounds like a sufficient condition for a spacetime to be a suitable model for our universe.
There is no empirical evidence or any convincing theoretical ground to assume that time travel should be
possible [Min09a]. However, the observation that there is no empirical evidence for time travel suggests an
even stronger notion: every measurement comes with a certain error, be it due to quantum mechanics or
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inconsistencies in the equipment. From this we can infer that it is desirable that a spacetime is not only
causal, but remains causal when the setting is somewhat different and the causal cones are slightly altered
[Haw67][Sán05]. This is known as stable causality.

To make this concrete, we must establish mathematically what it means for the metric and consequently
metric and its causal curves to be “close”. This can be accomplished by introducing a topology to the
set of Lorentzian metrics Lor(M) on a manifold M . The set Lor(M) is a subset of the space of smooth
sections Γ(T 0

2 TM) of the tensor bundle T 0
2 TM , which are maps σ : T 0

2 TM → M such that π ◦ σ = IdM .
The space Γ(T 0

2 TM) is an infinite dimensional vector space over R and a module over C∞(M) [Lee18, p. 317].

For our purposes, we do not need to assume such a high degree of regularity and can take a more gen-
eral approach. We will look at C0-metrics, which are continuous symmetric nondegenerate sections of the
tensor bundle T 0

2 TM instead of the smooth ones we assumed before in Def. 2.15. From this point on we will
also let Lor(M) be a subset of the continuous sections of T 0

2 TM and not the smooth sections.

Definition 4.5. Let M be a smooth manifold. Let U ⊆ T 0
2 TM be an open subset of the tensor bundle over

M and let O(U) ⊆ Lor(M) be the set of all C0 Lorentzian metrics g on M , such that the image g(M) of the
tensor field g is contained in U (see Figure 11). The sets O(U) form a basis for the C0-topology on Lor(M).

M

p

T 0
2 (TpM)

π g ∈ O(U)

T 0
2 TM

g(M)
U

Figure 11: A tensor field g is contained in some basis element O(U) for the C0-topology on Lor(M), if
and only if there exists an open U ⊆ T 0

2 TM of Lorentzian metrics, such that g(M) ⊆ U . Here
π : T 0

2 TM →M is the canonical projection π(p, t) = p, for which g is a section.

This definition for the C0-topology is taken from [Haw69] and [HE73, p. 198]. There exists an alternative
definitions that can also easily be generalised to Cr-topologies to compare metrics up to a higher degree
of regularity. In the C0-topology, for example, if metrics are close their causal cones are close and in the
C2-topology their curvature tensors are also close [BEE96, Remark 3.14]. For the general definition of
Cr-topologies one uses the components hij of a metric h ∈ Lor(M) in fixed coordinates. Now we say for
h1, h2 ∈ Lor(M) that |h1 − h2|r< δ if there exists a continuous δ : M → (0,∞) such that for every p ∈ M
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the components of the metrics and their derivatives up to degree r are δ(p) close (for the complete definition
see [BEE96, p. 63]). These topologies are also known as Whitney Topologies.

Using the C0-topology, we can properly define what it means for a spacetime to remain causal when the
causal cones are perturbed.

Definition 4.6. A spacetime (M, g) is stably causal if there exists an open neighbourhood U(g) of g in the
C0-topology of Lor(M), such that (M,h) is causal for every h ∈ U(g).

We will prove later in this section that stable causality can be characterised by the existence of time functions
as was first proven by Hawking in [Haw69]. We can also note that being stably causal is a strictly stronger
causality condition than being causal as the following example illustrates.

Example 4.7. The Minkowski cylinder with two line segments deleted as shown in Figure 12 is causal,
since this spacetime does not have any closed causal curves. The curve γ comes close to being a closed
causal curve, yet terminates at the endpoints of the deleted lines. Now we select a new metric that is wider
than the original metric, in the sense that every causal vector in the original metric is timelike in the wider
metric. Then, there exists a causal curve in the new metric that is less steep than γ and is therefore able to
circumvent the removed lines. Now there exists a closed causal curve and the perturbed new spacetime is no
longer causal. Thus, this spacetime is not stably causal.

l1

l2

γ

Figure 12: An example of causal spacetime that is not stably causal. [Min09b, Fig. 1]

4.2 Volume Functions

By assigning a volume to the past of a point, Geroch introduced a class of functions that are naturally
increasing along future directed paths [Ger70]. These functions have proven themselves to be invaluable
tools in causality theory and have been built upon in several ways to characterise certain causality conditions
[Ger70][Haw69][CGM16][BG21].

To assign a “volume” to a set, one needs to introduce a measure (see Section A.2 of the appendix). For
the purpose of volume functions not all measures can be used, because they might not be finite or not in-
creasing as shown by Dieckmann [Die88]. To ensure that the volume functions are always increasing, we
restrict ourselves to measures that meet certain requirements.

Definition 4.8. Let (M, g) be a spacetime. A measure µ on M is said to admissible provided that

(i) µ(U) > 0 for all nonempty open sets U ,

(ii) µ(M) <∞, and
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(iii) µ(∂I+(p)) = µ(∂I−(p)) = 0 for all p ∈M .

In his paper [Die88], Dieckmann gives an explicit method for constructing an admissible measure on a
manifold. In particular, this shows that we can find an admissible measure for every spacetime.

Definition 4.9. Let (M, g) be a spacetime. The past volume function t− and the future volume function t+

are defined by
t−(p) = µ(I−(p)), t+(p) = −µ(I+(p)).

Note that property (iii) of admissible measures implies that µ(I±(p)) = µ(I±(p)) = µ(J±(p)) for every
p ∈ M . This is a crucial feature and ensures that p � q implies that t−(p) ≤ t−(q) and t+(p) ≤ t+(q). In
other words, both volume functions are increasing along future directed causal curves. Note, however, that
volume functions are not necessarily strictly increasing. In the case that p ≺ q and I−(p) = I−(q), we have
t−(p) = t−(q). We can show that the volume functions are always strictly increasing along future directed
timelike curves, if the spacetime is at least chronological. As it happens to be, the volume functions being
strictly increasing is also sufficient for a spacetime to be chronological [Sán05].

Proposition 4.10. The spacetime (M, g) is chronological if and only if t− (or t+) is strictly increasing on
any future directed timelike curve.

Proof. (⇒) We use a proof by contradiction. Suppose that p � q, but t−(p) = t−(q). Since (M, g) is
chronological, p 6= q and I+(p) ∩ I−(q) 6= ∅. By the assumption µ(I−(p)) = µ(I−(q)), all points of I−(q),
except for a measure zero subset, lie in I−(p). Hence, almost all the points in I+(p)∩ I−(q) are contained in
I−(p) and it follows that (I+(p) ∩ I−(q)) ∩ I−(p) 6= ∅. Any point r in this intersection satisfies p� r � p.
In this case, there exists a closed timelike curve and, thus, chronology is violated. A similar proof applies to
t+.
(⇐) Again we look for a contradiction. Suppose that there do exist closed timelike curves on (M, g). Then
it follows immediately that t± cannot be strictly increasing.

An important consequence of Proposition 4.10 in combination with the fact that µ(I±(p)) = µ(J±(p)) for
every p ∈M , is that on causal spacetimes the volume functions are also strictly increasing along (non-trivial)
future directed causal curves.

Furthermore, we observe that volume functions are not necessarily continuous as the following example
illustrates.

Example 4.11. Define a past volume function t− on Minkowski spacetime (R2, η), where a line l has been
deleted. Take a point p, whose chronological past is almost able to extend past the edge of l (see Figure 13).
We can now find a point p′ close to p, such that its chronological past, in contrast, is able to extend past the
edge of l. This causes a sudden increase of the volume of I−(p′) compared to I−(p). Hence, the transition
form p to p′ marks a discontinuity in t− as the function makes a step.
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I−(p′)

l

I−(p)

p p′

Figure 13: The past volume function t− = µ(I−(p)) is not continuous on Minkowski spacetime with a line
l removed [HE73, Fig. 42].

Example 4.11 together with Proposition 4.10 suggest the following terminology.

Definition 4.12. Let (M, g) be a spacetime. A generalised time function is a (not necessarily continuous)
function M → R that is strictly increasing along every future directed causal curve.

4.3 Time Functions and Temporal Functions

Time functions are defined by continuity as follows.

Definition 4.13. Let M be a spacetime. A continuous function τ : M → R is a time function if τ is strictly
increasing along each non-constant future directed causal curve.

In other words, a time function τ is a function for which p ≺ q implies that τ(p) < τ(q). Time functions are
continuous generalised time functions. Mind that volume functions are not necessarily time functions as we
have seen in Example 4.11.

We make the following observation.

Lemma 4.14. If τ is a time function on a spacetime (M, g), then this spacetime is causal.

Proof. Suppose that τ is a time function on (M, g). Now assume there exists a closed causal curve such that
p ≺ q ≺ p. This implies that τ(p) < τ(q) < τ(p), which contradicts that τ is a time function. Therefore,
(M, g) is causal.

Besides this important observation about a time function τ , we can also show that the surfaces of constant
τ are closed three-dimensional submanifolds17 by Lemma 2 from [Haw67]. Moreover, this lemma shows that
there are no two points on the surface of constant τ that are connected by a timelike curve. This all derives
from the fact that the set {p ∈M | C ∈ R, τ(p) ≤ C} is a past set (see Definition 3.13) and the boundary of
this set is the surface where τ takes the constant value C.

Our main goal is to prove that the existence of a time function is equivalent to stable causality. First
off, we want to prove that we can construct a time function on every stably causal spacetime. Following

17A submanifold is a subset of a smooth manifold, which itself has the structure of a smooth manifold. The open subsets of
a smooth manifold are submanifolds [Lee13, Example 1.26].
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Hawking’s approach from [Haw69], we built on Geroch’s past volume function as our starting point. These
functions are not necessarily continuous, unfortunately. In order to solve this problem, we “smear out” the
volume functions to obtain a function that is indeed continuous. This is the step where stable causality comes
in. Since the spacetime is stably causal, we can find a family of causal metrics where the volume functions
are strictly increasing. A parameter can be introduced to this family to order the metrics in such a way that
the causal cones increase in size as the parameter increases. We can then integrate over this parameter to
obtain an averaged volume function that is both strictly increasing and continuous.

To prove the continuity of the averaged volume function, we will prove that it is both upper and lower
semicontinuous (see Appendix A.3). This means that we have to find a neighbourhood for each point p0

in M so that the values of the averaged volume in this neighbourhood are not much higher (respectively,
lower) than the value at p0. As it happens to be, a suitable neighbourhood to prove upper semicontinuity
is the future domain of dependence, which has been extensively studied by Geroch in [Ger70]. To properly
introduce these special subsets of spacetimes, we first need to introduce what it means for a causal curve to
be inextendible.

Definition 4.15. Let (M, g) be a spacetime.

• A future directed causal curve γ : [a, b)→M is future extendible if limt↑b γ(t) exists in M . If not, γ is
called future inextendible.

• A future directed causal curve γ : (a, b] → M is past extendible if limt↓a γ(t) exists in M . If not, γ is
called past inextendible.

• A future directed curve γ : (a, b)→M is called inextendible if it is both future and past inextendible.

For the domain of dependence of a surface, we want to check whether curves will intersect the surface or not.
By assuming that the curves are inextendible, we exclude trivial cases where the curve does not intersect the
surface because it simply stops before it hits the surface and not because the spacetime’s geometry prohibits
it from intersecting the surface.

S

D+(S)

D−(S)

D(S)D(S)

Figure 14: The past D−(S) and future domain of dependence D+(S) of a surface S and their union D(S).

Definition 4.16. Let (M, g) be a spacetime and let S ⊆ M be a subset. The future domain of dependence
of S, denoted by D+(S) consists of all points p such that every past inextendible causal18 curve through p

18Many authors, like Geroch for example, use timelike instead of causal curves to define the domain of dependence. This
creates a difference between the different definitions at the boundary (see [Chr20, p. 61]). We will use causal curves to be
consistent with [Haw69] and [HE73].

34



4 CAUSALITY AND TIME FUNCTIONS

intersects S. The past domain of dependence on S, denoted by D−(S) consists of all points p such that every
future inextendible causal curve through p intersects S. The total domain of dependence of S is the union
D(S) = D+(S) ∪D+(S).

The future domain of dependence can be interpreted as all the events that are timelike dependent only on S.
Domains of dependence are not only useful for the following proof, but are also interesting sets to study in
their own regard. They tell which parts of a spacetime are influenced solely by initial conditions specified on S
and are therefore crucial for analysing the Einstein Equations (2.26) as an initial value problem. Geroch was
the first to extensively study the domain of dependence and was essential in gaining a deeper understanding
of how these sets can be used in causality theory and general relativity, so for a more insightful elaboration
of this topic see [Ger70].

We have now covered all the material needed to prove the first implication that there exists a time function
on every stably causal spacetime.

Theorem 4.17. If (M, g) is a stably causal spacetime, then there exists a time function.

Proof. This proof is based on Hawking’s proof from [Haw69] and [HE73, Prop. 6.4.9]. We will show that a
time function can be constructed on a stably causal spacetime by averaging over a family of volume func-
tions. To accomplish this, we will first explicitly construct a probability measure µ. We will then use the
assumption of stable causality to find a parametrised family {h(a)}a∈[0,2] of causal metrics h(a) whose light
cones get bigger as a increases. Using this measure µ and the family {h(a)}a∈[0,2], we can construct a family
{V (p, a)}a∈[0,2] of generalised time functions V (p, a) = µ(I−(p, a)) that assign a volume to the chronological
past of p in the metric h(a). These volume functions are strictly increasing because (M,h(a)) is causal, but
are not necessarily continuous. We can now construct an averaged volume function V̄ (p) by integrating the
volume functions V (p, a) over a. Finally, we prove that this V̄ (p) is continuous and strictly increasing to
show that we have indeed constructed a time function.

Suppose (M, g) is a stably causal spacetime.

Step 1 (Constructing a probability measure µ). First, we construct a probability measure µ on M , i.e.,
a measure such that µ(M) = 1. To this end, choose a countable atlas (Ui, ϕi)i∈N for M , such that ϕi(Ui) is
compact in Rm. Let λ be the Lebesgue measure on Rm (see Example A.10). Note that the collection Σ of
subsets E ⊆ M , such that for all i ∈ I the image ϕi(E ∩ Ui) ⊆ Rm is contained in the collection of Borel
subsets B(Rm) (see Example A.6), forms a σ-algebra on M . The probability measure µ is defined by

µ(E) =

∞∑
i=1

ϕ∗i λ(E ∩ Ui)
2iϕ∗i λ(Ui)

=

∞∑
i=1

λ(ϕi(E ∩ Ui))
2iλ(ϕi(Ui))

for E ∈ Σ, (4.1)

where ϕ∗i λ is the pullback of the Lebesgue measure λ. The pullback of the Lebesgue measure acts on a
measurable set E by ϕ∗i λ(E) = λ(ϕi(E)) [Lee13, p.284]. Note that we do not need to worry about the

convergence of µ. Since ϕi(Ui) is compact, it follows from Proposition A.12 that λ(ϕi(Ui)) <∞ and as such
the series always converges, because it is dominated by the geometric series

∑
i

1
2i = 1. To confirm that this

is indeed a measure first note that from the fact that λ(∅) = 0, it follows trivially that µ(∅) = 0. To check
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the countable additivity, take a countable family (Ej)j∈J of pairwise disjoint sets. This gives

µ

 ∞⋃
j=1

Ej

 =

∞∑
i=1

1

2iλ(ϕi(Ui))
λ

ϕi
 ∞⋃
j=1

(Ej ∩ Ui)


=

∞∑
i=1

1

2iλ(ϕi(Ui))
λ

 ∞⋃
j=1

ϕi(Ej ∩ Ui)


=

∞∑
i=1

∞∑
j=1

λ(ϕi(Ej ∩ Ui))
2iλ(ϕi(Ui))

=

∞∑
j=1

µ(Ej),

where we used that the Ej ∩Ui, and consequently ϕi(Ej ∩Ui), are pairwise disjoint and that λ is a measure.
To obtain the second equality, we used the fact that λ as a measure satisfies countable additivity. In the last
step we used the definition of µ. This shows that µ a measure. To prove that µ(M) = 1, we use that all Ui
are measurable as open subsets and that M is covered by (Ui)i∈I .

µ(M) =

∞∑
i=1

λ(ϕi(M ∩ Ui))
2iλ(ϕi(Ui))

=

∞∑
i=1

λ(ϕi(Ui))

2iλ(ϕi(Ui))
=

∞∑
i=1

1

2i
= 1.

This concludes the proof that µ is a probability measure.

Step 2 (Defining a 1-parameter family of causal metrics). Since (M, g) is stably causal, there exists an
open neighbourhood U(g) of g consisting of causal metrics. We can thus find a subset {h(a)} of U(g)
parametrised by a ∈ [0, 2], such that

(i) h(0) = g;

(ii) The spacetime (M,h(a)) is causal for all a ∈ [0, 2];

(iii) For a1, a2 ∈ [0, 2], if a1 < a2 then h(a1) < h(a2), which means that at every point p ∈ M the sets
Tp(h(a)) of timelike vectors at p in the metric h(a), satisfy Tp(h(a1)) ⊆ Tp(h(a2)).

Using the parameter a, we modify the notation of the chronological past to I−(p, a) to denote the set of all
the points q such that q � p with respect to the metric h(a). The same modification can also be applied to
the chronological future I+ and causal past and future J±. Property (iii) entails that in the case that a1 < a2

the causal cones in the metric of h(a1) are contained in the timelike cones for the metric h(a2) (see Figure 15).

36



4 CAUSALITY AND TIME FUNCTIONS

h(a
2)

I+(p, a2)

h(
a1

)

I+(p, a1)

J+(p, 0)

J−(p, 0)

h(
0)

=
g

p

Figure 15: If h(a1) < h(a2), the causal cones J±(p, a1) in the metric h(a1) are contained in the
chronological past and future I±(p, a2) for each p ∈M .

Step 3 (Constructing a family of generalised time functions V ). Note that µ is an admissible measure, so we
can use it to define past volume functions by V (p, a) = µ(I−(p, a)). Because h(a) is causal for all a ∈ [0, 2],
these volume functions are generalised time functions for fixed a and thus strictly increasing along every
future directed causal curves by Proposition 4.10. As we have seen in Example 4.11, these volume functions
are not necessarily continuous though and as such are not time functions.

Step 4 (Averaging over all V to obtain a continuous function V̄ ). To resolve this problem we “smear out”
the volume function. In order to accomplish this, we use stable causality and average the volume functions
over several causal metrics and define the averaged volume by

V̄ (p) =

∫ 1

0

V (p, a) da. (4.2)

Note that the function V (p, .) : [0, 1] → R is Riemann integrable over a, since V is a monotone increasing
function in a for fixed p [Tao16, Prop. 11.6.1] due to the increasing size of the causal cones (see Fig. 15).
We will prove that V̄ : M → R is continuous by proving that it is both upper and lower semicontinuous (see
Section A.3 of the appendix).

Step 4a (Proving upper semicontinuity). Take ε > 0 and a1, a2 ∈ [0, 2] such that a1 < a2. Let B be an
open neighbourhood of a point p0 in M , such that B is compact and µ(B) < ε

2 .

Let U be a subset of M . For a subset S ⊆ U , let D+(S,U, a) denote the future domain of dependence
of S relative to U ; that is, the set of all q ∈ U such that in the metric h(a) every inextendible past directed
causal curve in U through q intersects S.19 Now we restrict ourselves to B and we define (see Figure 16)

F p0B (a1, a2) ≡ D+
(
I−(p0, a2) ∩ ∂B,B, a1

)
.

19Again, note that we use Hawking’s more unusual definition of the domain of dependence, where null curves are included.
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BF p0B (a1, a2)

I−(p0, a2)

I−(p0, a2) ∩ ∂B

p0

Figure 16: The set F p0B (a1, a2) is a neighbourhood of p0 if a1 < a2.

We first show that F p0B (a1, a2) contains an open neighbourhood of p0. Note that for a1 < a2 property (iii)
implies that every h(a1)-causal curve from a point q to p0 is a h(a2)-timelike curve from q to p0. Now
suppose there exists a past inextendible causal curve in the metric h(a1) through p0 that does not intersect
I−(p0, a2) ∩ ∂B. This curve is also h(a2)-timelike, so we have found a past directed h(a2)-timelike curve
intersecting ∂B in a point not contained in I−(p0, a2). This results in a contradiction. Hence, every past
inextendible h(a1)-causal curve through p0 must intersect I−(p0, a2) ∩ ∂B and, therefore, p0 ∈ F p0B (a1, a2).
By property (iii) the point p0 must, in fact, lie in the interior of F p0B (a1, a2). Thus, F p0B (a1, a2) contains an
open neighbourhood of p0.

Now consider a p ∈ I−(F p0B (a1, a2), a1) ∩ ∂B. In this case, there exists a h(a1)-timelike curve γ from some
p′ ∈ F p0B (a1, a2) to p ∈ ∂B. Since p lies on the boundary of B, it follows that γ is past inextendible in
B. By the definition of F p0B (a1, a2), every past inextendible h(a1)-causal curve through p′ ∈ F p0B (a1, a2)
must intersect I−(p0, a2)∩ ∂B. Since γ is a past inextendible h(a1)-timelike curve through p′, we must have
p ∈ I−(p0, a2) ∩ ∂B as a consequence. Hence, we can conclude that

I−(F p0B (a1, a2), a1) ∩ ∂B ⊆ I−(p0, a2) ∩ ∂B. (4.3)

Let n > 0 be a positive integer, such that n > 2
ε . Define the set

F =

2n−1⋂
j=0

F p0B

(
j

2n
,
j + 1

2n

)
.

Each set F p0B (., .) contains an open neighbourhood of p0, so, as a finite intersection, the set F also contains
an open neighbourhood of p0. Moreover, the set F is contained in F p0B

(
a, a+ 1

n

)
for all a ∈ [0, 1]. Taking

a1 = a and a2 = a+ 1
n , we see that F p0B

(
a, a+ 1

n

)
satisfies (4.3) for all a ∈ [0, 1]. Thereby, it follows for all

a ∈ [0, 1] that

I−(F, a) ∩ ∂B ⊆ I−
(
F p0B

(
a, a+

1

n

)
, a

)
∩ ∂B ⊆ I−

(
p0, a+

1

n

)
∩ ∂B. (4.4)

Together with property (iii), Equation (4.4) implies (see Figure 17) that for all q ∈ F and a ∈ [0, 1]

I−(q, a) \B ⊆ I−
(
p0, a+

1

n

)
\B. (4.5)
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B

I−(p0, a+ 1
n )

F

I−(q, a)
I−(p0, a+ 1

n ) ∩ ∂B

p0

q

Figure 17: F is a neighbourhood of p0. Per construction all past inextendible curves through q ∈ F must
cross I−

(
p0, a+ 1

n

)
∩ ∂B. Therefore, I−(q, a) is contained in I−(p0, a+ 1

n ) outside B.

With the initial assumption that µ(B) < ε
2 and n > 2

ε , Equation (4.5) allows us to estimate

V (q, a) ≤ V
(
p0, a+

ε

2

)
+
ε

2
, (4.6)

for each q ∈ F and a ∈ [0, 1]. Integrating Equation (4.6) implies that for all q ∈ F

V̄ (q) ≤
∫ 1

0

V
(
p0, a+

ε

2

)
+
ε

2
da

=

∫ 1+ ε
2

ε
2

V (p0, u) +
ε

2
du

= V̄ (p0)−
∫ ε

2

0

V (p0, a) da︸ ︷︷ ︸
≥0

+

∫ 1+ ε
2

1

V (p0, a) da︸ ︷︷ ︸
≤ ε2

+
ε

2

≤ V̄ (p0) + ε.

To get to the second line, we made the substitution u = a + ε
2 . In the following step we first extracted the

constant term ε
2 from the integral and then we wrote the integral over [ ε2 , 1+ ε

2 ] as two integrals over [0, 1] and
[1, 1 + ε

2 ] from which we have to subtract a third integral over [0, ε2 ]. The integral over [0, 1] is per definition
equal to V̄ (p0). The other two integrals can be estimated by ε

2 , since µ is a probability measure, and, hence,
the integrands are bounded by 1. This allows us to find the final estimate V̄ (q) ≤ V̄ (p0) + ε for every q in
the neighbourhood F of p0, which shows that V̄ is upper semicontinuous.

Step 4b (Proving lower semicontinuity). In order to prove that V̄ is lower semicontinuous, take ε > 0
and again let B be an open neighbourhood of a point p0 ∈M such that B is compact and µ(B) < ε

2 . For a
given U ⊆M , we define the set A+(U, S, a) for a subset S ⊆ U as the set of all p ∈ U such that S ⊆ I−(p, a)
in the metric h(a). Now for a1, a2 ∈ [0, 2] such that a1 < a2, define the set

Gp0B (a1, a2) = A+(I−(p0, a2), B, a1). (4.7)

Per construction the set Gp0B (a1, a2) is an open neighbourhood of p0. We want to construct a neighbourhood

39



4 CAUSALITY AND TIME FUNCTIONS

of p0 independent of a1 and a2. Suppose that n ∈ N is a positive integer such that n > 2
ε and define

G =

2n−1⋂
j=0

Gp0B

(
j

2n
,
j + 1

2n

)
.

The set G is an open neighbourhood of p0 and is contained in Gp0B (a, a + 1
n ) for every a ∈ [0, 1]. Now for

every q ∈ G, we have I−(p0, a+ 1
n ) ⊆ I−(q, a) per construction and in particular

I−
(
p, a+

1

n

)
∩ ∂B ⊆ I−(q, a) ∩ ∂B,

for all a ∈ [0, 1]. This implies that

I−
(
p, a+

1

n

)
\B ⊆ I−(q, a) \B,

for all q ∈ G and a ∈ [0, 1]. With the assumption that µ(B) < ε
2 and n > 2

ε , we can conclude that
V (p0, a+ ε

2 ) ≤ V (q, a) + ε
2 and thus

V (q, a) ≥ V
(
p0, a+

ε

2

)
− ε

2
, (4.8)

for every q ∈ G and a ∈ [0, 1]. Integrating (4.8) yields

V̄ (q) ≥
∫ 1

0

V
(
p0, a+

ε

2

)
− ε

2
da

=

∫ 1+ ε
2

ε
2

V (p0, u)− ε

2
du

= V̄ (p0)−
∫ ε

2

0

V (p0, a) da︸ ︷︷ ︸
≤ ε2

+

∫ 1+ ε
2

1

V (p0, a) da︸ ︷︷ ︸
≥0

− ε
2

≥ V̄ (p0)− ε,

where we made the substitution u = a + ε
2 again and took similar steps as the ones used to prove upper

semicontinuity. This shows that V̄ is lower semicontinuous and concludes the proof that V̄ : M → R is a
continuous function.

Step 5 (Proving that V̄ is a time function). It remains to be shown that V̄ is strictly increasing along
future directed causal curves. Since every V (p, a) is a generalised time function for fixed a, as shown in step
3, it follows directly that V (p, a) < V (q, a) for each a ∈ [0, 1] if p ≺ q in the metric h(0) = g. Therefore, since
integration preserves monotonicity, V̄ is a time function for the spacetime (M, g).

Theorem 4.17 does not only give us the first implication that is needed to show the equivalence between the
existence of time functions and stable causality, but its proof also gives an explicit way of constructing a
time function on a stably causal spacetime. However, the time function V̄ constructed in Thm. 4.17 is by no
means the only possible time function on a spacetime and often one is able to find a for more simple example.

The proof of Thm. 4.17 could have been a lot shorter if the volume functions were simply continuous
by themselves. For some spacetimes the volume functions are time functions without the need to average
over metrics. This is criterion is a causality condition in its own right.
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Definition 4.18. A spacetime (M, g) is called causally continuous if for any admissible measure the associ-
ated volume functions t± are both continuous functions.

Hawking and Sachs wrote an extensive paper on this condition and gave several characterisations thereof
[Haw67]. They also proved that causal continuity implies stable causality and gave some examples of space-
times that are stably causal, yet not causally continuous [Haw67, Prop. 2.3, Fig. 1.2(B)]. This shows that
causal continuity is stronger than stable causality. Their proof contained an inconsistency that has been rec-
tified by Dieckmann [Die88]. One of the examples of spaces that are stably causal but not causally continuous
are maximally extended Reissner-Nordström spacetimes. These spaces are exact solutions to the Einstein
equation (2.26) for static charged black holes.

In their paper, Hawking and Sachs also argued that causal continuity might be a more suitable minimal
requirement for spacetimes than stable causality. This condition takes away situations where observers that
can almost look past a singularity (but not quite) can all of a sudden observe a whole myriad of other events
if the metric is perturbed only slightly[Haw67].

Now we will focus on proving the other implication that if there exists a time function on a spacetime,
then this spacetime is stably causal. Hawking proposes a proof that is built on the idea that time functions
are stable, i.e., that if there exists a time function τ on a spacetime (M, g) then the set of metrics h, such
that τ is a time function on (M,h), is open [Haw69].

Remark 4.19. The argument that Hawking proposes for the proof in his paper [Haw69] that the existence
of a time function implies stable causality is not generally true; the notion of a time function is not strong
enough to be a stable property. Given a causal spacetime (M, g) with time function τ , he claims that the
spacetime must in fact be stably causal by posing that the set of metrics h ∈ Lor(M), such that for any point
p ∈ M the causal past J−(p) and future J+(p) of p in the metric h intersect the surface τ−1(p) of constant
time in p and only p (meaning that τ is also a time function of (M,h), and hence itself causal by Lem. 4.14),
is open. However, as the following example will show it is not always possible to find such a set if τ is a
merely time function.

Example 4.20. Take the Minkowski spacetime (R2, η) with its usual coordinates (t, x) and define the
following time function τ as

τ(t, x) = t− arctan (x).

The level sets of the intersection τ intersecting a point p = (t0, x0) are given by Cp(t, x) = {(t, x) | τ(t, x) =
t0− arctan (x0)}. For the origin o = (0, 0), we obtain the level curve t = arctan (x). In the Minkowski metric
η, the causal cones of o only intersect the level curve Co(t, x) in o and one of the null vectors is even tangential
to Co(t, x) at o. When we take a small perturbed metric h that has only slightly larger causal cones, the
slope of the null geodesics originating from o will be slightly wider than that of Co(t, x) at o (see Figure 18).
Now one of the null lines is destined to intersect Co(t, x) in a point different from the origin, no matter how
small we choose the perturbation of η. Therefore, we are unable to find any open neighbourhood of η, such
that τ being a time function is preserved, which invalidates Hawking’s claim.

Hawking’s argument fails to be true if there happen to be points in a spacetime (M, g) where null vectors
are tangential to the time function’s level set that the point belongs to. This problem can be circumvented
by assuming that we have a type of time function that does not allow for the existence of such points. This
motivates the following definition.

Definition 4.21. A continuously differentiable function τ : M → R, such that dτ(v) > 0 for every future
directed causal vector v, is called a temporal function.
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J+(o, η)

J+(o, h)

Co(t, x)

o
x

t

Figure 18: In 2-dimensional Minkowski spacetime, the level set Co(t, x) of τ = t− arctan (x) for o = (0, 0)
only intersects the causal cone J+(o, η) in O. Every small perturbation h of the metric η with wider light

cones, will result in Co(t, x) intersecting the causal cone J+(o, h) in more than one point.

Every temporal time function is a time function, but not every continuously differentiable or even smooth
time function is a temporal function. The condition on the function’s differential is essential. The differential
of τ being positive for all future directed causal vectors is equivalent to the gradient20 ∇τ , that is normal to
the level curves of τ , being past directed and timelike [Min19a, Def. 1.22].

Remark 4.22. Note that the time function τ : (R2, η) → R from Example 4.20 is not a temporal function.
The tangent vector (1, 1) at the origin o is a null vector and dτ ((1, 1)) = η((1, 1), (1, 1)) = 0, so the differential
is not positive for all causal vectors.

Similar to the Hawking’s proposed proof, we will prove that the existence of a temporal function implies sta-
ble causality by proving that the existence of a temporal function is a stable property. Heuristically speaking
the proof for temporal functions compared to time functions will work out, because the differential being
positive poses an “open” condition. Thus, such a condition translates neatly to other metrics when we take
an open set of metrics.

To prove this implication we will use a strategy very common for proofs in differential geometry: we will
first prove locally that the existence of a temporal function is preserved and we will then extend this to a
global statement. In this proof, however, we do not want to look at local subsets of the spacetime that are
just open. We want to look at open subsets with a compact closure. This allows us to use the fact that
sequences in a compact subset of a metric space always have a convergent sequence. Using the definition of
closed sets in terms of the convergence of sequences, we can then show that the set of metrics that do not
locally preserve the existence of a temporal function is closed. Taking complements, this shows that locally
there exists an open set of metrics for which there exists a temporal function. These open sets can then be
used to construct a global open set of metrics to show that the existence of a temporal function is stable.
Lemma 4.14 then tells us that the spacetime is stably causal.

20The gradient ∇f is a vector field that is defined in such a way that g(∇f,X) = df(X) for a vector field X. Since df is
independent of the metric ∇f is also independent of the metric. In coordinates (xi) it can be expressed as ∇f = gij(∂if)∂j .
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Theorem 4.23. Let (M, g) be a spacetime. If there exists a temporal function τ : M → R, the spacetime
(M, g) is stably causal.

Proof. By Lem. 4.14, (M, g) is causal. We want to proof that (M, g) is stably causal by proving that the
existence of a temporal function is a stable property. First we will introduce an open cover (Bi)i∈I of rela-
tively compact sets. This allows us to show that on the compact set Bi the complement Lor(M) \ Vi of the
set Vi, consisting of Lorentzian metrics h|i on M that preserve τ as a temporal function restricted on Bi, is
closed. This can be accomplished by constructing a sequence of metrics (hn|i)n∈N and a sequence of points
(qn, ŵn)n∈N in the compact unit21 sphere bundle UTBi, such that in the limit dτ(ŵ) ≤ 0. Now that we know
that the Vi’s are open and non-empty, we can use them to construct an open neighbourhood V ⊆ Lor(M) of
g, consisting of Lorentzian metrics defined on the entire manifold, such that for every h ∈ V on the spacetime
(M,h) is causal, and hence that (M, g) is stably causal.

Suppose there exists a temporal function τ : M → R on the spacetime (M, g).

Step 1 (Introducing a suitable cover). First, we define a suitable cover for M to prove that on a compact
submanifold the set of Lorentzian metrics on M , that preserve τ as a temporal function on this submanifold,
is open. Because M is second countable, there exists a countable open cover B = (Bi)i∈I of M , such that

(i) All Bi are relatively compact, i.e., the closures Bi are compact;

(ii) Every Bi is contained in some chart (U,ϕ);

Note that every that every Bi is a compact submanifold with boundary22. The Bi’s are the compact sub-
manifolds that will be used for the local argument.

Step 2 (Finding a local open set Vi of metrics). Now we want to prove that the set Vi ⊆ Lor(M)|Bi of

Lorentzian metrics h|i : Bi → T 0
2 TBi, such that τ is a temporal function for (Bi, h|i), is open in the C0-

topology on Lor(B)i. This will be shown by proving that its complement Lor(M)|Bi\Vi of metrics, in which

τ is not a temporal function on Bi, is closed.

Step 2a (Constructing sequences (hn|i)n∈N and (qn, wn)n∈N). To prove that the complement of Vi is closed,
we use the definition of being closed in terms of convergent sequences: a subset is closed if every convergent
subsequence converges to a point in this subset. Assume we have a sequence (hn|i)n∈N in the complement
Lor(M)|Bi\Vi that converges to some h∞|i∈ Lor(M)|Bi . These sequences of metrics give rise to sequences of
points in the tangent bundle where τ fails to be temporal, i.e., a sequence (qn, wn)n∈N in the tangent bundle
TBi, such that for every n ∈ N the future directed causal vector wn ∈ TqnM we have dτ(wn) ≤ 0.

Step 2b (Finding convergent subsequences (qnm , ŵnm)m∈N). For the sequences in the tangent bundle we
can find convergent subsequences. Let gr be a Riemannian metric on M . This introduces a norm ‖.‖r to
every tangent space TpM for p ∈ Bi. A vector wn can now be normalised with respect to ‖.‖r by calculating
ŵn = wn/‖wn‖r. In the metric corresponding metric hn|i this yields

hn|i(ŵn, ŵn) =
1

‖wn‖r2︸ ︷︷ ︸
>0

hn|i(wn, wn)︸ ︷︷ ︸
≤0

≤ 0.

21With respect to some auxiliary Riemannian metric gr.
22An m-dimensional manifold with boundary, as opposed to a manifold without boundary, is a second countable Hausdorff

space that is locally homeomorph to the closed upper half plane {(x1, . . . , xm) | xm ≥ 0}, instead of Euclidean space Rm.
[Lee13]
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Hence, ŵn remains causal after normalisation. With a similar calculation one can also show that being future
directed is preserved under normalisation. The sequence (qn, ŵn) is a sequence in the unit sphere bundle
UTBi, that is defined by

UTBi =
⊔
p∈Bi

{v ∈ TpM | ‖v‖r = 1} .

Since Bi is relatively compact, UTBi is compact by Proposition A.4. The compactness implies that the
sequence (qn, ŵn)n∈N has a subsequence converging to (q, ŵ) that we denote by (qnm , ŵnm)m∈N. Because τ
is continuously differentiable, it follows that dτ is continuous23. Using the continuity of dτ , we obtain the
following inequality in the limit

lim
m→∞

dτ(ŵnm)︸ ︷︷ ︸
≤0

= dτ(ŵ) ≤ 0. (4.9)

Thus, in the limit m→∞ we have a q ∈ Bi with a tangent vector ŵ ∈ TqBi at this point, such that dτ(ŵ) ≤ 0.

Step 2c (Proving uniform convergence of (hn|i)n∈N) Now we would like to show that the limit ŵ is fu-
ture directed causal in the metric h∞|i. In order to show this, we need to take the limits n→∞ and m→∞
simultaneously. To make sure the result does not depend on the order of limit operators we prove that the
sequence of metrics converges uniformly.

Since the sequence (hn|i)n∈N converges to h∞|i, there exists an N ∈ N for every open neighbourhood
W ⊆ Lor(M)|Bi of h|i such that hn|i∈ W for every n > N . Hence, for all n > N there exists a corre-

sponding W ′ ⊆ T 0
2 TBi, such that hn|i(Bi) ⊆W ′ by the definition of the C0-topology.

The tensor bundle T 0
2 TBi is a smooth manifold by Lemma A.2 and can therefore be equipped with a Rieman-

nian metric, induced by the metric gr on M , with corresponding distance function d. This induces a topology
on T 0

2 TBi that coincides with its natural manifold topology [Lee18, Thm. 2.55]. This turns (T 0
2 TBi, d) into a

metric space. Define the open neighbourhood Wε
′ = {(p, h) ∈ T 0

2 TBi | d ((p, h), (p, h∞|i)) < ε} of the image
h|i(Bi). The convergence to h|i now implies that for every ε > 0 there exists an N ∈ N, such that at each
point p ∈ Bi the distance d (hn|i(p), h|i(p)) < ε for every n > N , so (hn|i)n∈N converges uniformly to h∞|i
on Bi.

Step 2d (Showing that ŵ is causal with respect to the limit h∞|i). Now we have everything that is re-
quired to prove that Vi ⊆ Lor(M)|Bi is open by showing that the limit h∞|i is contained in Lor(M)|Bi\Vi,
because we can show that ŵ is a future directed causal vector in h∞|i such that dτ(ŵ) ≤ 0. When we take
the limit n→∞ continuity is preserved by uniform convergence and hence h∞|i is continuous. Now consider
the sequence (ŵnm)nm∈N again. For every m ∈ N, the vector ŵnm is per construction future directed causal
in hnm |i, so hn|i(ŵnm , ŵnm) ≤ 0 for all m. When we apply the limits, we obtain

h∞|i= lim
m→∞

h∞|i(ŵnm , ŵnm) = lim
m→∞

hnm |i(ŵnm , ŵnm)︸ ︷︷ ︸
≤0

≤ 0. (4.10)

where we used the sandwich principle twice. Note that the uniform convergence of the sequence of metrics
guarantees the same end result if the limits are interchanged. Thus, in the limit, ŵ is a causal vector in the
metric h∞|i. With a similar argument one can show that ŵ is also future directed. The results from Equations
(4.9) and (4.10) can now be combined to conclude that there exists a future directed causal vector ŵ in the

23In coordinates xi, the differential can be expressed as dτ = ∂τ
∂xi

dxi. For a vector v = vi∂i, this gives dτ(vi) = vi ∂τ
∂xi

.
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metric h∞|i such that dτ(ŵ) ≤ 0. Therefore, h|i is contained in Lor(M)|Bi\Vi, which makes Lor(M)|Bi\Vi
closed. Hence, Vi is open.

M

g

T 0
2 TM

( )
Bi

( )()

T 0
2 TBi

U

Ui
◦

g(M)

p

Figure 19: An open neighbourhood U ⊆ T 0
2 TM of g(M) can be constructed by gluing together the

interiors U0
i ⊆ T 2

0 TBi, corresponding to the open Vi ⊆ Lor(M)|Bi for every Bi. This creates an open

neighbourhood V of g in the C0-topology on Lor(M).

Step 3 (Extending the Vi’s to a globally defined open set V ). We can combine the open sets Vi ⊆ Lor(M)|Bi
to construct an open neighbourhood V ⊆ Lor(M) of the original metric g. Because the set Vi ⊆ Lor(M)|Bi
is open, there exists an open Ui ⊆ T 0

2 TBi such that h|i(Bi) ⊆ Ui for every h|i∈ Vi. Now take the interior Ui
◦

of Ui with respect to the topology on T 0
2 TM and define the open set U ≡

⋃
i∈I Ui

◦ ⊆ T 0
2 TM . Now consider

the original metric g. Since τ is a temporal function on (M, g), the restriction g|i is contained in Vi. Hence,
g|i(Bi) ⊆ g|i(Bi) ⊆ Ui and, in particular, g|i(Bi) ⊆ Ui◦ for every i ∈ I. This implies that

g(M) = g

(⋃
i∈I

Bi

)
=
⋃
i∈I

g(Bi) ⊆
⋃
i∈I

U◦i = U,

which makes U an open neighbourhood of the image g(M) (see Figure 19). By the definition of the C0-
topology, there exists a corresponding open neighbourhood V ⊆ Lor(M) ∩ Γ(M,U) of g, where τ is a
temporal function on (M,h) for all h ∈ V .

Step 4 (Proving that causality is preserved). Now that we know that for every metric h ∈ V the func-
tion τ is a temporal function on (M,h) it follows directly from Lemma 4.14 that every spacetime (M,h) is
causal. This proves that (M, g) is stably causal.

With Theorem 4.23 we have shown that if one is able to find a temporal function on a spacetime, then this
spacetime is stably causal. This offers a much easier way if checking whether or not a spacetime is stably
causal. Otherwise, one needs to have not only information about the spacetime’s geometry in the original
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metric, but also needs to infer information about the nearby metrics in order to verify stable causality.
Besides, finding a time or temporal function is also far more useful in other situations.

4.4 Closing the gap

So far, we have proven rigorously in Theorem 4.17 that every stably causal spacetime admits a time function
and in Theorem 4.23 that if there exists a temporal function on a spacetime then this spacetime is stably
causal. The proof of Thm. 4.17 also provides an explicit way of constructing a time function.

To complete the equivalence between stable causality and the existence of a time function, we need to
fill the gap between the existence of a time function and the existence of a time function.

Theorem 4.24. Any spacetime (M, g) which admits a time function also admits a temporal function.

Proving that a time function can be smoothed out to a temporal function has been an open problem for
several years. Bernal and Sanchez filled this gap in their paper [BS05, Thm. 1.2]. With Theorem 4.24 at
hand the full equivalence between stable causality and the existence of a time function follows, as can be seen
in Figure 20.

Stable Causality ∃ Time Function

∃ Temporal Function

Thm. 4.17

Thm. 4.24
Thm. 4.23

Figure 20: With Thm. 4.24 we obtain full equivalence between stable causality and the existence of a
time function.

The equivalence of the existence of a time function and stable causality, allows us to make a few observations.
First of all, we are able to conclude that the spacetime in Example 4.7, which is not stably causal, does thereby
also not permit the existence of a time function. Moreover, we can easily show that one of the most important
solutions of the Einstein Equations, the Schwarzschild spacetime, is stably causal by showing that we can find
a time function, as Example 4.25 will exhibit. This method is far less cumbersome than checking whether
the close metrics are still causal.

Example 4.25 (Schwarzschild spacetime). The Einstein equations (2.26) for the vacuum surrounding a
spherically symmetric static body of mass m are solved by the exterior of the Schwarzschild solution. We
can conclude that the Schwarzschild exterior is stably causal. The metric g that solves this problem can be
given in the form

ds2 = −
(

1− 2m

r

)
dt2 +

(
1− 2m

r

)−1

dr2 + r2(dθ2 + sin2(θ)dϕ2), (4.11)

where r > 2m [HE73, p. 149]. Note that ∂t provides a time orientation. Consider the continuous function τ ,
which is given for each point p = (t, r, θ, ϕ) by τ(p) = t. A future directed causal curve γ(λ) = (γt, γr, γθ, γϕ)
has to satisfy g(γ̇, γ̇) ≤ 0 and γ̇ 6= 0.24 Hence,(

1− 2m

r

)−1

(γ̇r)2 + r2
(
(γ̇θ)2 + sin2(θ)(γ̇ϕ)2

)
≤
(

1− 2m

r

)
(γ̇t)2.

24Here γ̇ denotes the vector field along γ obtained by differentiating each component with respect to the parameter λ.
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where γ̇t > 0, since γ is future directed. This implies that along a non-constant future directed causal curve
t has to be strictly increasing. Therefore, we can infer that τ is a time function and by Thm. 4.24 and Thm.
4.23 we can conclude that Schwarzschild spacetime is stably causal. Note that, in this case, we would not
even have needed Thm. 4.24, because τ is a temporal function: the gradient of τ is given by

∇τ = gµν(∂µτ)∂ν = gtt∂t = −
(

1− 2m

r

)−1

∂t,

from which we can derive that ∇τ is past pointing and that

g(∇τ,∇τ) =

(
1− 2m

r

)−2

gtt = −
(

1− 2m

r

)
< 0.

Hence, ∇τ is past-pointing and timelike and, as such, τ is a temporal function.
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5 Discussion and further research

The main goal of this thesis was to give a more rigorous proof of the statement that the existence of a
time function is equivalent to a spacetime being stably causal from Hawking’s paper [Haw69]. First of all,
we noted in Remark 4.19 that Hawking’s paper contained some discrepancies regarding the use of the term
“time function”. He used this term for both time and temporal functions. He claimed that one can prove
that a spacetime that admits a time function is stably causal by showing that time functions are stable under
perturbations of the metric. As has been shown in Example 4.20, not every continuous function τ that is
strictly increasing along every future directed curves has an open neighbourhood of metrics that preserve τ
as a time function. The existence of a time functions is therefore not directly a stable property. This makes
Hawking’s proof for the implication that the existence of a time function implies stable causality incomplete.

When one, on the other hand, supposes that there exists a temporal function, Hawking’s strategy for proving
that temporal functions are stable is valid. In this thesis we have given an explicit proof that the existence
of a temporal function implies stable causality in Thm. 4.23. Miguel Sánchez has written a paper [Sán05,
Lemma 4.14] where he proves this implication in two different ways. It has to be noted that he uses another
definition (compared to Definition 4.6) of stable causality for (M, g), namely that (M, g) is stably causal
if there exists a g′ ∈ Lor(M) such that g ≺ g′, in the sense that all causal vectors in g are timelike in g′,
and that (M, g′) is causal [Sán05, Def. 4.11]. It is easy to see that this is equivalent to the definition of
stable causality used in this thesis. Sánchez’ first proof uses a strategy where he splits the metric in a part
orthogonal and a part parallel to the gradient ∇τ that is scaled to construct a family of causal Lorentzian
metrics. This is a very elegant and simple proof, yet on some more advanced mathematical notions such as
conformal invariance and normal bundles are used.

The second proof of [Sán05, Lemma 4.14] uses Hawking’s method of constructing an open set of metrics
from the temporal function τ consisting of metrics such that for each p ∈ M the hypersurface of constant
τ does not intersect the causal cones of p. Unfortunately, Sánchez does not give an explicit proof that this
constitutes an open neighbourhood, just like Hawking. In this thesis, the the proof of theorem 4.23 explicitly
proves the openness of the sets of metrics that preserve τ as a temporal function, although it has to be noted
that it was not in such a fashion as Sánchez proposed.

The proof of the converse in Thm. 4.17 does not fundamentally differ from the proofs supplied in Hawking’s
and Sánchez’ papers [Haw69][Sán05, Thm. 4.13]. The proof in this thesis, though, is far more detailed com-
pared to other works. Some things were elaborated further, such as the facts that µ is indeed a probability
measure and that the set F is a neighbourhood of p0. The proof of the lower semicontinuity V̄ is also properly
written out. This makes this version of the proof easier to follow for those unfamiliar with causality theory.

As has been noted, the assumption of a temporal function instead of a time function in Thm. 4.23 im-
pedes us from concluding that stable causality and the existence of a time function are equivalent. To obtain
equivalence (see Figure 20) we use a very powerful result from the paper [BS05] by Bernal and Sánchez
that proves that a spacetime that admits a time function also admits a temporal function. So far, a direct
proof of the implication that stable causality follows from the existence time function is not known [Sán05,
Remark 4.16].

The equivalence between the existence of a time function and stable causality, can, however, be proven
if another characterisation of stable causality is used. Minguzzi has shown that stable causality is equivalent
to the notion of K-causality [Min19b, Thm. 2.30]. K-causality is defined in terms of the Seifert relation.
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Recall that if g < g′, then every causal vector in the metric g is timelike in g′.

Definition 5.1. Let (M, g) be a spacetime. The Seifert relation JS ⊆M ×M is defined as

JS =
⋂
g<g′

Jg′ ,

where J is the causal relation in the metric g′.

A spacetime is K-causal if the Seifert Relation JS is antisymmetric. Minguzzi succeeded in proving that
K-causality implies the existence of a time function and the converse that the existence of a time function
implies that a spacetime is K-causal [Min10, Thm. 6, 7]. Here he did not need to take an intermediate step
with a temporal function.

In this thesis several different causality conditions were covered. Each of these being stronger than the
other. This gives rise to the so called causal ladder or causal hierachy. The conditions mentioned in this
thesis can be ordered as follows:

Causal Continuity⇒ Stably Causality⇒ Causality⇒ Chronology

This is only a small selection of possible causality conditions and their relations (For a more complete overview
of the causal ladder, see Minguzzi’s papers [Min19a, Fig. 20][Min09a, Fig. 1]). This thesis did not touch the
strongest and arguably most important causality conditions: global hyperbolicity.

Definition 5.2. A strongly causal spacetime (M, g) is said to be globally hyperbolic if for each pair of points
p, q ∈M the set J+(p) ∩ J−(q) is compact.

Global hyperbolicity is at the top of the causal ladder and can be characterised in several other ways (see
[BEE96][HE73]). This causality condition is very important for the formulation of general relativity in terms
of partial differential equations. Global Hyperbolicity can be characterised by the existence of a Cauchy
surface [Ger70]. This is a subset of M which every inextendible causal curve intersects exactly once and can
be interpreted as an instant of time. Cauchy surfaces represent a natural option for sets to specify the initial
conditions on for the Einstein Equation [BG21]. This makes it an important tool for solving the Cauchy
problem in general relativity [Rod06]. Global Hyperbolicity also plays a role in Penrose’s and Hawking’s
singularituy theorems [HE73, Section 8.2] and many other theorems. That is why most regard global hyper-
bolicity as the minimal requirement for a spacetime to be physically reasonable. The fact that this causality
condition can be characterised in vastly different ways also makes this very likely.

Not everyone agrees on this matter. Hawking believes that there are no convincing physical arguments
that one has to suppose such a Cauchy surface must exist [Haw67]. Even if such a surface exists in our uni-
verse, we would not have any way of extracting all of its information. Some of the known exact solutions to
the Einstein Equation are not globally hyperbolic, such as anti de Sitter spacetime and maximally extended
Reissner-Nordström spacetimes [Haw67][HS74][HE73]. In his eyes stable causality was still the most probable
minimal causality condition.

For further research, one could delve deeper into global hyperbolicity and relate this to volume and time
functions like Geroch did in his work [Ger70] and whose ideas we also used in Thm. 4.17. In this context,
Cauchy time functions, whose level sets are all Cauchy surfaces, are very useful. It could also be taken in
another direction, where one focuses on the all-important singularity theorems.

49



A APPENDIX

A Appendix

A.1 Vector Bundles

The tangent and tensor bundles we encounter in differential geometry are examples of more general con-
structions called vector bundles. A vector bundle is created by assigning a vector space to each point of a
topological space in such a way that this locally looks like the Cartesian product of the topological space and
Rn.

Definition A.1. Let M be a topological space. A vector bundle of rank k over M is a topological space E
together with a surjective continuous map π : E →M satisfying the following conditions:

(i) For each p ∈ M , the fiber Ep = π−1(p) over p is endowed with the structure of a k-dimensional real
vector space.

(ii) For each p ∈M , there exists a neighbourhood U of p in M and a homeomorphism Φ: π−1(U)→ U×Rk
(called the local trivialisation of E over U), satisfying the following conditions:

• πU ◦ Φ = π, where πU : U × Rk → U is the projection;

• for each q ∈ U , the restriction of Φ to Eq is a vector space isomorphism from Eq to {q}×Rk ∼= Rk.

The space M is called the base and E is called the total space of the bundle. For our purposes, the topological
space M is always a smooth manifold and E is also a smooth manifold. In this case, π is a smooth map and
we can choose the local trivialisations as diffeomorphisms and E is called a smooth vector bundle. TM and
T kl (TM) are examples of smooth vector bundles.

Often vector bundles are more easily described by assigning a vector space vector to each point at the
base and taking the disjoint union of these vector spaces. The following lemma shows that we can make this
space into a smooth bundle by constructing the local trivialisations in such a way that they overlap with the
smooth transition functions. This so called vector bundle chart Lemma is taken from [Lee18, Lemma 10.6].

Lemma A.2 (Vector Bundle Chart Lemma). Let M be a smooth manifold and suppose that for each p ∈M
we are given a real vector space Ep of some fixed dimension k. Let E =

⊔
p∈M Ep, and let π : E →M be the

map that takes each element of Ep to the point p. Suppose furthermore that we are given the following data:

(i) an open cover {Uα}α∈A of M ;

(ii) for each α ∈ A, a bijective map Φα : π−1(Uα) → Uα × Rk, whose restriction to Eq is a vector space
isomorphism from Ep to {p} × Rk ∼= Rk;

(iii) for each α, β ∈ A with Uα ∩ Uβ 6= ∅, a smooth map ταβ : Uα ∩ Uβ → GL(k,R)25 such that the map
Φα ◦ Φ−1

β from (Uα ∩ Uβ)× Rk to itself has the form

Φα ◦ Φ−1
β (p, v) = (p, ταβ(p)v) .

Then E has a unique topology and smooth structure making it into a smooth manifold and a smooth rank-k
vector bundle over M , with π as projection and {(Uα,Φα)} as smooth local trivialisations.

25Here GL(k,R) is the general linear group of degree k, which is given by the set of invertible k × k matrices under matrix
multiplication.
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Proof. For each point p ∈M , choose some Uα containing p; choose a smooth chart (Vp, ϕp) for M such that
p ∈ Vp ⊆ Uα. Now define the map ϕ̃p : π−1(Vp)→ ϕp(Vp)× Rk by ϕ̃p = (ϕp × IdRk) ◦ Φα:

π−1(Vp)
Φα−−→ Vp × Rk

ϕp×IdRk−−−−−−→ ϕp(Vp)× Rk

Now the collection
{(
π−1(Vp), ϕ̃p

)∣∣ p ∈M} forms an atlas for E. For the full proof see [Lee13, p. 253].

This Lemma shows that the tangent bundle and tensor vu In the proof of Theorem 4.23 we take particular
interest in a subset of the tangent bundle that is a smooth vector bundle in its own regard.

Definition A.3. Let M be a smooth Riemannian manifold. The unit tangent bundle is defined as

UTM =
⊔
p∈M
{v ∈ TpM | ‖v‖= 1} (A.1)

We can prove the important property that the unit tangent bundle of a compact manifold is compact.

Lemma A.4. Let M be a compact smooth m-dimensional manifold, then the unit tangent bundle UTM is
compact.

Proof. Suppose that M is compact. Let π : UTM → M be the projection restricted to the tangent bundle.
Take p ∈ M and let Up be the neighbourhood of such that π−1(Up) ∼= Up × Sm−1. Now we can find a
compact subset Cp ⊆ Up that is a neighbourhood of p. The collection of interiors {C◦p ⊆ M | p ∈ M}
forms an open cover for M . The compactness of M now guarantees that there exist finitely many p1, . . . , pn
such that M =

⋃n
i=1 C

◦
pi . Because Sm−1 is compact and compactness is a topological invariant, the set

π1(Cp) = Up × Sm−1 is compact. Now we have that UTM =
⋃n
i=1 π

−1(Cp). Thus, the unit tangent bundle
is a finite union of compact sets and is therefore compact.

A.2 Measures

The proof of Theorem 4.17 makes repeated use of techniques from measure theory. Measures are a powerful
tools in mathematics that make it possible to assign an abstract concept of volume to subsets E of a set X.
In this section some of the basic definitions and theorems from measure theory and the construction of the
Lebesgue measure on Rn are covered. The material is based on Cohn’s book on Measure Theory [Coh13,
Chapter ].

Before we can properly introduce the notion of a measure, we need to have a well-behaved collection of
subsets.

Definition A.5. Let X be a set and Σ be a collection of subsets of X. The collection Σ is a σ-algebra if it
satisfies the following conditions:

1. X ∈ Σ;

2. If E ∈ Σ, then (X \ E) ∈ Σ;

3. If {Ei}i∈I with I a countable index set, then
⋃
i∈I Ei ∈ Σ;

4. If {Ei}i∈I with I a countable index set, then
⋂
i∈I Ei ∈ Σ.

The pair (X,Σ) is called a measurable space.
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Just like in the case of topology, the intersection of σ-algebras is again a σ-algebra. This enables us to find a
smallest σ-algebra that contains a collection of subsets C by intersecting all σ-algebras that contain C. This
is called the σ-algebra generated by C. This allows us to construct a σ-algebra on Euclidean space.

Example A.6. For Rn, the collection B(Rn) of Borel subsets of Rn, which is generated by each of the
following collections of sets, defines a σ-algebra:

• the collection of all closed subsets of Rn;

• the collection of all closed half-spaces in Rn of the form {(x1, . . . , xn) | xi ≤ a} for some index 1 ≤ i ≤ n
and some a ∈ R;

• the collection of all rectangles in Rn which are of the form {(x1, . . . , xn) | ai < xi ≤ bi, i = 1, . . . , n}.

Now we have all the proper tools to define a measure that assigns a volume to a subset contained in the
σ-algebra.

Definition A.7. Let X be a set and Σ be a σ-algebra. A function µ : Σ → [0,∞] is called a measure if it
satisfies the following properties

1. µ(∅) = 0;

2. For all countable families (Ei)i∈I of pairwise disjoint sets, µ (
⋃∞
i=1Ei) =

∑∞
i=1 µ(Ei)

The triplet (X,Σ, µ) is called a measure space.

Measures satisfy the following useful properties.

Proposition A.8. Let (X,Σ, µ) be a measure space and take A,B ∈ Σ such that A ⊆ B. Then µ(A) ≤ µ(B)
and if A in addition satisfies µ(A) ≤ ∞ then µ(B \A) = µ(B)− µ(A).

Finding a σ-algebra and consequently constructing a measure is often not that straightforward. We will
introduce an outer measure which is a function on the power set that one can use in a general approach to
construct a measure.

Definition A.9. Let X be a set and let P(X) be the powerset of X. An outer measure on X is a function
µ∗ : P(X)→ [0,∞] such that

1. µ∗(∅) = 0,

2. if E ⊆ F ⊆ X, then µ∗(E) ≤ µ∗(F ) and

3. if {Ei}i∈I is a countable family of subsets of X, then µ∗ (
⋃∞
i=1Ei) ≤

∑∞
i=1 µ

∗(Ei).

Note that an outer measure is not generally a measure.

Example A.10. The Lebesgue outer measure on Rn, which is denoted by λ∗, is defined as follows. For
an n-dimensional interval I1 × · · · × In, where I1, . . . , In are subintervals of R, its volume Vol(I1 × · · · In) is
defined as the product of the lengths of the intervals I1, . . . , In. For each subset A ⊆ Rn let CA be the set of
all sequences {Ri}i∈N of bounded and open n-dimensional intervals for which A ⊆

⋃∞
i=1Ri. Then the outer

measure of A is defined by

λ∗(A) = inf

{ ∞∑
i=1

Vol(Ri)

∣∣∣∣∣ {Ri}i∈N ∈ CA
}

(A.2)
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As the following theorem shows we can use outer measures to find a σ-algebra and measure on a space.

Theorem A.11. Let X be a set, let µ∗ be an outer measure on X and let Mµ∗ be the collection of all
µ∗-measurable subsets of X. Then

(i) Mµ∗ is a σ-algebra, and

(ii) the restriction of µ∗ to Mµ∗ is a measure on Mµ∗ .

The measure λ that is defined by the outer measure from Example A.10 is called the Lebesgue measure and
one can show that every Borel subset in Rn is measurable with respect to the Lebesgue measure.

We will conclude our treatment of measures with a simple result for the Lebesgue measure.

Proposition A.12. Let C ⊆ Rn be a compact set, then λ(C) <∞.

Proof. Let C ⊆ Rn be a compact set, then C is closed and bounded by the Heine-Borel theorem. This implies
that C is a Borel subset and that C can be contained in a box M × · · · ×M for some M > 0. Therefore,
λ(C) ≤ λ(M × · · · ×M) = Mn ≤ ∞.

A.3 Semicontinuity

For the proof of Theorem 4.17 we use the notion of semicontinuity.

Definition A.13. Let X be a topological space. A function f : X → R is called upper semicontinuous if at
all the points x0 ∈ X for every real y > f(x0) there exists a neighbourhood U of x0 such that f(x) < y for
all x ∈ U .
A function f : X → R is called lower semicontinuous if at all the points x0 ∈ X for every real y < f(x0)
there exists a neighbourhood U of x0 such that f(x) > y for all x ∈ U .

These notions can be used to show that a function is continuous.

Proposition A.14. Let X be a topological space. A function f : X → R is continuous if and only if it is
both upper and lower semicontinuous.
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