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Abstract

In the theory of general relativity, Birkhoff’s theorem states that the unique, spherically symmet-
ric solution of the vacuum Einstein equations is the Schwarzschild solution. We first introduce
the required mathematical notions, such as isometries, foliations and the Einstein equations.
Then, we give a precise statement of Birkhoff’s theorem and provide a rigorous proof. Finally,
we mention some consequences and generalizations of Birkhoff’s theorem.
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1 Introduction

From Newton to Einstein

It is several hundred years ago that Isaac Newton published his famous work, the Philosophiæ
Naturalis Principia Mathematica. In this book, he stated a law which tells us how particles at-
tract each other. Today, we call this formula Newton’s law of universal gravitation, and it can
be written as F = GM1M2

r2 . Here, F is the attractive force between two objects with masses
M1 and M2, G is the gravitational constant, and r is the distance between the two objects. For
several centuries, this was the description of the gravitational force between objects. However,
in the nineteenth century, people were starting to observe an anomaly in the theory. As mea-
surements of the orbit of Mercury became more precise, people noticed that the precession of
Mercury deviated from the one predicted by Newton’s theory of gravitation. For several years,
it remained unclear what caused these deviations, and it was not until the theory of general
relativity was introduced by Albert Einstein in 1915, that an explanation was found.
Before Einstein published his theory of general relativity, he first published his theory of special
relativity in 1905. This theory gave a relationship between space and time. It was not, however,
consistent with some of the generally accepted other physical theories; in particular, it was not
consistent with Newton’s law of gravitation. So, several physicists, tried to unify these theories
into one new theory: the theory of general relativity.

The theory of general relativity

The theory of general relativity gave a relationship between the geometry of spacetime and
the properties of matter in the spacetime. The centerpiece of the theory are, what is now called,
the Einstein field equations. These equations form a system of partial differential equations,
which describe gravity in terms of curvature in spacetime. Even today, there is no known gen-
eral solution to these equations, and the few exact solutions that are known, are found under
simplified assumptions, such as certain symmetries. In this thesis, we are concerned with the
Einstein equations in vacuum, which reduces the study to a purely geometrical problem. Still,
it should be noted that even for the simpler case of the vacuum Einstein equations, no general
solution is known.
The first exact solution to the vacuum Einstein equations (other than the trivial solution of a
flat spacetime) was found by Karl Schwarzschild in 1916. This Schwarzschild solution describes
the gravitational field outside a spherical body or black hole, assuming it has no electric charge
or angular momentum. Later, more exact solutions were found. Among them are, for example,
the Reissner–Nordström solution and the Kerr solution. The Schwarzschild solution, however, is
the most important solution in this thesis. For more information about the Einstein equations
and these solutions, we refer to Section 2.2 and 2.3.

The Schwarzschild solution and Birkhoff’s theorem

One interesting characteristic of the Schwarzschild solution is that it is independent of time.
This means that the spherical body it describes, is static. In fact, (almost) all derivations of the
Schwarzschild solution use in their derivation that the solution is independent of time. This raises
an interesting question: Is the assumption that the Schwarzschild solution is independent of time
a necessary condition to derive the solution, or is it merely a consequence of the derivation? The
answer to this question is the latter, and this result is generally contributed to George David
Birkhoff.
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Birkhoff’s theorem. The unique, spherically symmetric solution of the vacuum Einstein equa-
tions is the Schwarzschild solution.

In particular, the solution is static (on the exterior) and asymptotically flat. For a more
precise statement of this theorem, we refer to Chapter 5. We underline the importance of this
theorem by stating a nice physical consequence. As a result of Birkhoff’s theorem, pulsating,
spherically symmetric stars cannot emit gravitational waves.

History behind Birkhoff’s theorem

Birkhoff’s statement of the theorem and proof appeared in his book Relativity and Modern
Physics, which was published in 1923 [3]. It should be noted, however, that Birkhoff was not
the only one who has proven this result (although it is now generally called Birkhoff’s theorem).
In fact, two years earlier, in 1921, the result was also published by Jørg Tofte Jebsen [11], but
it contained an error, see [6]. His paper was, however, largely overlooked in history. It was
only around the year 2000 that Jebsen again started to be recognised as having obtained the
same result earlier. As a result, some people now call it the Jebsen–Birkhoff theorem. Finally,
we mention that apart from Jebsen and Birkhoff, an equivalent result was also published by
W. Alexandrow in 1923 [1] and John Eiesland in 1925, although he presented a preliminary
version already in 1921 [7]. For more information about the history of Birkhoff’s theorem, and
especially about Jebsen’s contribution, we refer the reader to [12].

This thesis

In this thesis, we will proof Birkhoff’s theorem in a mathematically rigorous way. To do this,
we first explain all the required mathematical notions. In Chapter 2, we define the notion of a
Lorentzian manifold, and explain the Einstein equations. In Chapter 3, we define isometries and
the related notion of Killing vector fields. Finally, we define the notion of a foliation in Chapter
4. After this, we give a precise statement of Birkhoff’s theorem, and spend Chapter 5 to prove
it. Finally, in Chapters 6 and 7, we look at the consequences of Birkhoff’s theorem, and some
generalizations.
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2 Lorentzian geometry and general relativity

In this chapter, we recall the notions of a Lorentzian manifold and a spacetime. Afterwards,
we state the Einstein equations, both in its most general form and in the case of a vacuum, and
discuss a few important exact solutions. We start by stating the notations and conventions that
will be used throughout this thesis.

Notations and conventions

We will follow the usual conventions from general relativity. These include:

• We normalize the speed of light and Newton’s gravitational constant to one, i.e., we set
c = G = 1. To retrieve these constants, one can simply perform dimensional analysis.

• We denote the partial derivative with respect to xα by ∂α, i.e. ∂α = ∂
∂xα .

• We use the Einstein summation convention. This means that an index which appears
as both an upper and a lower index will be summed over. For example, gµνRµν =∑
µ,ν g

µνRµν .

Furthermore, we will assume that all manifolds M are smooth, connected, Hausdorff and second
countable. Note that some of the results on manifolds in this and the next chapter might not
need all these assumptions, and can thus be stated in a slightly more general setting.

2.1 Lorentzian manifolds and curvature

In order to state the Einstein equations, we need to define what a spacetime is. To do this,
we recall the notion of a Lorentzian metric on a manifold.

Definition 2.1. Let M be a manifold of dimension n. A metric tensor g is a bilinear map
gp : TpM × TpM → R that varies smoothly for p ∈M , which is symmetric and nondegenerate.

As is the case with inner products, the metric tensor induces a norm
√
|g(v, v)| for each

vector v ∈ TpM and it defines the ‘cos-angle’

g(v, w)√
|g(v, v)g(w,w)|

between any vectors v, w ∈ TpM such that g(v, v)g(w,w) 6= 0. One should, however, note that,
contrary to inner products, the metric tensor is not positive definite. As a consequence, we
distinguish three types of vectors:

Definition 2.2. Let (M, g) be a Lorentzian manifold and let p ∈M,v ∈ TpM . Then, v is called

(i) spacelike if g(v, v) > 0,

(ii) null if g(v, v) = 0,

(iii) timelike if g(v, v) < 0.

A vector field X on M is called spacelike (resp. null, timelike) if Xp is spacelike (resp. null,
timelike) for all p ∈M .
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In a local coordinate system (x1, ..., xn) with corresponding basis (∂1, ..., ∂n) of the tangent
space, the metric tensor can be written as a symmetric matrix g = (gµν) with entries gµν =
g(∂µ, ∂ν). Note that the nondegeneracy of g implies that the matrix is non-singular, i.e., it has
non-vanishing determinant. Using this, the corresponding (unique) inverse metric tensor
(gµν) is defined by the relation gµνgνα = δµα.

In this coordinate system, we define the line element as ds2 = gµνdxµdxν . We will mostly
use metrics defined by their line element.

Definition 2.3. A manifold M of dimension n ≥ 2 is called a Lorentzian manifold if it is
equipped with a metric tensor g of signature (1, n− 1), i.e., (gµν) has 1 negative eigenvalue and
n− 1 positive eigenvalues. Such metrics are called Lorentzian metrics.

Example 2.4. The Minkowski metric, given in Cartesian coordinates by (ηµν) = diag(−1, 1, 1, 1),
or the line element ds2 = −(dx0)2 +(dx1)2 +(dx2)2 +(dx3)2, is a Lorentzian metric. Minkowski
space can be seen as the analogue of Euclidean space in Riemannian geometry.

Remark 2.5. In relativity, there are two conventions for the metric signature. As stated above,
we will use metric tensors of signature (1, n−1). It is, however, also possible to define Lorentzian
metrics as metrics which have signature (n − 1, 1). In this case, for example, the Minkowski
metric would read (ηµν) = diag(1,−1,−1,−1).

A 4-dimensional, connected, Lorentzian manifold that is a solution to the Einstein equations
is called a spacetime. These equations are expressed in terms of the curvature of the manifold,
which is defined analogous to the Riemannian case using the Levi-Civita connection ∇.

For example, in local coordinates, the components of the Levi-Civita connection are given
by ∇∂µ(∂ν) = Γαµν∂α, where Γαµν denotes the Christoffel symbol. Using the properties of the
Levi-Civita connection, one can derive an expression for the Christoffel symbols in terms of the
metric. Similarly, one can define the Riemann tensor, Ricci tensor, and scalar curvature using
the Levi-Civita connection. The local expressions for these objects are given by the following
proposition.

Proposition 2.6. In local coordinates, the expression for

• the Christoffel symbol is given by

Γαµν =
1

2
gαλ (∂νgµλ + ∂µgνλ − ∂λgµν) , (2.1)

• the Riemann tensor is given by

Rµναβ = ∂αΓµβν − ∂βΓµαν + ΓµαγΓγβν − ΓµβγΓγαν , (2.2)

• the Ricci tensor is given by
Rµν = Rαµαν , (2.3)

• and the scalar curvature (or Ricci scalar) is given by

R = gµνRµν . (2.4)

Remark 2.7. It should be noted that there are two ways to define the Riemann tensor; another
way is to change its sign, i.e, Rµ

ναβ = −Rµναβ . In this case, the Ricci tensor in local coordinates
satisfies Rµν = Rα

µνα. As a result, the Ricci tensor and scalar curvature do not change sign,
i.e., Rµν = Rµν and R = R.

Proof of Proposition 2.6. See, for example, [14]. Note, however, that the different sign conven-
tion is used.
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2.2 Einstein equations

The general form of the Einstein equations in local coordinates reads

Rµν −
1

2
Rgµν + Λgµν =

8πG

c4
Tµν . (2.5)

Here, Λ is the cosmological constant and Tµν is the stress-energy tensor. We are only interested
in the case of a vacuum, so we will set Tµν = 0. Furthermore, we will set the cosmological
constant to zero, and we will normalize the speed of light c and Newton’s gravitational constant
G to 1, i.e., Λ = 0, c = G = 1. Thus, the Einstein equations in vacuum read

Rµν −
1

2
Rgµν = 0 . (2.6)

Now, note that if Rµν = 0, then Rµν − 1
2Rgµν = 0. On the other hand, by contracting (2.6)

with gµν , we obtain R − 2R = 0, i.e., R = 0. Substituting this back into (2.6), we see that
Rµν = 0. Hence, the vacuum Einstein equations are equivalent to

Rµν = 0 . (2.7)

2.3 Solutions to the Einstein equations

The general solution of the vacuum Einstein equations is not known. We do, however, know
some specific solutions. One of these we have already encountered in the previous section: the
Minkowski metric (see Example 2.4). It is the trivial, flat solution to the vacuum Einstein
equations. In this section, we will state some other important exact solutions, most notably, the
Schwarzschild metric.

2.3.1 Schwarzschild solution

An important solution to the vacuum Einstein equations is given by the Schwarzschild
metric, which in so-called Schwarzschild coordinates (t, r, θ, φ) reads

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1
dr2 + r2dΩ2 . (2.8)

Here, M is a constant representing mass and dΩ2 = dθ2 + sin2(θ)dφ2 is the metric of the two-
sphere.
It describes the gravitational field outside a spherical body (e.g., a black hole), assuming it has
no electric charge or angular momentum. It should be noted that the Schwarzschild solution is
the only spherically symmetric solution to the vacuum Einstein equations, which will be proven
in Chapter 5.
From the Schwarzschild coordinates (2.8), one might expect that the Schwarzschild metric has
two singularities: at r = 0 and at r = 2M . Especially the singularity at r = 2M would
be problematic, because spacetime is defined as a connected Lorentzian manifold. This would
mean that the solution (2.8) is only valid on one of the connected components, the obvious choice
being the so-called exterior, i.e., for r > 2M , and not on the interior part, i.e., for 0 < r < 2M .
Fortunately, though, the singularity at r = 2M is merely a consequence of a bad coordinate
system. It turns out that by changing to a new coordinate system, the metric will become
regular at r = 2M . One way to change to new coordinates is to define

u = t±
(
r + 2M log(

r

2M
− 1)

)
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and keep the coordinates (r, θ, φ). Then, the metric (2.8) transforms to the Schwarzschild
metric in Eddington-Finkelstein coordinates:

ds2 = −
(

1− 2M

r

)
du2 ± 2dudr + r2dΩ2 . (2.9)

Here, the coordinates with the + are called the ingoing Eddington-Finkelstein coordinates, while
the coordinates with the − are called the outgoing coordinates. Note that in this coordinate
system, the Schwarzschild solution is defined on both the interior and the exterior, i.e., for r > 0.
However, the singularity at r = 0 remains. It can be shown that this singularity is, in fact, a
real singularity, and not due to a bad choice of coordinates. To prove this, one can calculate
the so-called Kretschmann scalar and show that it diverges at r = 0. For more details, we refer
to [10, Section 5.5]. The maximally extended Schwarzschild solution is then defined as
the Schwarzschild solution, which has been maximally extended, in the sense that the solution
cannot be embedded into an even greater connected region.
Finally, we mention that there are other coordinate systems to represent the Schwarzschild
solution, most notably the Kruskal-Szekeres coordinate system. This coordinate system also
describes the maximally extended Schwarzschild solution and is ‘better behaved’ outside the
singularity r = 0 than the Eddington-Finkelstein coordinates. However, for our purpose, the
Eddington-Finkelstein coordinates suffice, so we will not delve any further in this matter. For
more information on other coordinate systems, we refer to [10, Section 5.5].

2.3.2 Other important exact solutions

The Schwarzschild solution describes the gravitational field of a spherically symmetric, un-
charged, non-rotating body. It is natural to ask if there is also a more general solution, which
describes the case of a charged or rotating body. This is indeed the case.

Reissner–Nordström solution. The Reissner–Nordström solution describes the gravitational
field of a spherically symmetric, electrically charged, non-rotating body. It is the unique spheri-
cally symmetric solution of the Einstein–Maxwell equations (Einstein equations in the presence
of an electric field). There exist local coordinates in which the line element takes the form

ds2 = −
(

1− 2M

r
+
Q2

r2

)
dt2 +

(
1− 2M

r
+
Q2

r2

)−1
dr2 + r2dΩ2 , (2.10)

where M represents the mass and Q the electric charge of the body. Note that in the case that
the electric charge Q is zero, we recover the Schwarzschild solution.

Kerr solution. The Kerr solution describes the gravitational field of a spherically symmetric,
uncharged, rotating body. In Boyer–Lindquist coordinates, the line element takes the form

ds2 = ρ2
(

dr2

∆
+ dθ2

)
+
(
r2 + a2

)
sin2(θ)dφ2 − dt2 +

2Mr

ρ2

(
a sin2(θ)dφ− dt

)2
, (2.11)

where ρ2 = r2 +a2 cos2(θ), ∆ = r2−2Mr+a2 and M and a are constants. Again, M represents
the mass, and now Ma represents the angular momentum as measured from infinity. Note that
if the body does not rotate (i.e., a = 0), we recover the Schwarzschild solution.

Kerr–Newman solution. The Kerr–Newman solution describes the gravitational field of a
spherically symmetric, electrically charged, rotating body. As the line element is non-illuminating,
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we will not provide it here. The only important thing to note is that the Kerr–Newman solution
reduces to the Reissner–Nordström solution if a = 0, to the Kerr solution if Q = 0 and to the
Schwarzschild solution if both a = 0 and Q = 0.

For the relationship between these solutions and generalizations of Birkhoff’s theorem, we refer
to Chapter 7.
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3 Isometries and Killing vector fields

In this chapter, we define the closely related notions of isometries and Killing vector fields
and investigate their relationship.
Before we give the definition of an isometry, we recall some notions associated with a group
action.

Definition 3.1. Let Φ : G×M → M ; (g, p) 7→ Φ(g, p) = g(p) be an action of a group G on a
manifold M . Then,

• the action Φ is called smooth if the action by any g ∈ G is a smooth map
Φg : M →M ; p 7→ g(p).

• the orbit of a point p ∈M is defined as G(p) = {g(p) : g ∈ G} ⊆M .

• the isotropy group (or stabilizer) of a point p ∈M is defined as Ip = {g ∈ G : g(p) = p},
i.e., it consists of all elements of G which leave p fixed.

3.1 Isometries

Definition 3.2. A diffeomorphism ψ : (M, g) → (M, g) on a Lorentzian manifold is called an
isometry if ψ∗g = g, where ψ∗g denotes the pullback of the metric g, given by (ψ∗g)(v, w) =
gψ(p)(dψp(v),dψp(w)). We denote the set of all isometries on M by I(M), which forms a group
under composition of functions.

Proposition 3.3. Let M be a Lorentzian manifold. Then, there is a unique way to make the
isometry group I(M) into a manifold such that

1. I(M) is a Lie group.

2. the natural action I(M)×M →M , given by (φ, p) 7→ φ(p), is smooth.

Proof. See [14, page 255].

3.2 Killing vector fields

Closely related to isometries is the notion of Killing vector fields. Before we introduce these,
we recall a few basic definitions of differential geometry.

Definition 3.4. A global flow φ : R ×M → M on a manifold M is a one-parameter group
of diffeomorphisms, i.e., a family {φt}t∈R of smooth maps φt = φ(t, ·) : M → M such that for
fixed t, the map φt : M →M is a diffeomorphism and that for all t, s ∈ R, φs ◦φt = φs+t (which
in particular implies that φ0 is the identity map).
A local flow φ : D → M is defined in the same way as a global flow, only with a smaller
domain. In this case, the open subset D ⊆ R×M is called the flow domain for M , and has the
property that for each p ∈M , the set Dp = {t ∈ R : (t, p) ∈ D} is an open interval containing 0.
The integral curve of a vector field X on M is a curve γ : I →M which satisfies

dγ

dt
= Xγ(t) , for all t ∈ I .

The notions of flow, integral curves and vector fields on a manifold are closely related, as is
shown by the following lemma and theorem.
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Lemma 3.5. Let φ : R×M →M be a global flow on a manifold M . Then,

Xp =
∂

∂t

∣∣∣∣
t=0

φp(t)

is a vector field on M , and each curve φp(t) : R→M is an integral curve of X. If φ : D →M
is a local flow, the same result also holds (only on a smaller domain).

Proof. See [13, Chapter 9].

Theorem 3.6 (Fundamental Theorem on Flows). Let X be a vector field on a manifold M .
Then, there is a unique maximal (in the sense that it admits no extension to a bigger flow
domain) flow φ : D →M which satisfies Xp = ∂

∂t

∣∣
t=0

φp(t).

Proof. See [13, Chapter 9].

Motivated by the above theorem, we now introduce the notion of the Lie derivative of a
tensor field.

Definition 3.7. Let X be a vector field on a manifold M , and φ its corresponding flow. Near
p ∈ M , for sufficiently small t, φt is a local diffeomorphism from a neighbourhood of p to a
neighbourhood of φt(p). Then, the Lie derivative of a tensor field T with respect to X
at p ∈M is given by

(LXT )p =
d

dt

∣∣∣∣
t=0

(φ∗tTp) = lim
t→0

φ∗tTφt(p) − Tp
t

. (3.1)

Lemma 3.8. The components of the Lie derivative of a tensor field T with respect to a vector
field X are given by

LXTαβ...δµν...ρ = ∂ξT
αβ...δ

µν...ρX
ξ − T ξβ...δµν...ρ∂ξXα − (all upper indices)

+ Tαβ...δξν...ρ∂µX
ξ + (all lower indices) .

Proof. See [10, Section 2.5].

Corollary 3.9. The components of the Lie derivative of the metric g with respect to a vector
field X are given by

LXgµν = Xα∂αgµν + gαµ∂νX
α + gαν∂µX

α . (3.2)

Having introduced the Lie derivative of a tensor field, we are now in a position to define
Killing vector fields corresponding to the metric tensor of Lorentzian manifolds.

Definition 3.10. A vector field K is called a Killing vector field with respect to the metric
tensor g if the Lie derivative of g vanishes, i.e.,

LKg = 0 . (3.3)

Since under the flow of K, the metric tensor does not change, Killing vector fields generate
infinitesimal isometries, as illustrated by the following result.

Lemma 3.11. A vector field K is a Killing vector field for g if and only if the diffeomorphisms
φt induced by the flow φ of K are isometries (on their domain).
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Proof. If φt is an isometry, then φ∗t (g) = g by Definition 3.2. By (3.1) it follows that

LKg = lim
t→0

φ∗t g − g
t

= 0 .

Thus, K is a Killing vector field.
Conversely, suppose K is a Killing vector field with corresponding flow φ. Let v, w ∈ TpM

be tangent vectors at a point p in the domain of the flow. Then, for small s, dφs(v),dφs(w) ∈
Tφs(p)M will also be tangent vectors. Since K is a Killing vector field, we have that

LKg = lim
t→0

(φ∗t g)(dφs(v),dφs(w))− g(dφs(v),dφs(w)))

t

= lim
t→0

(φ∗s ◦ φ∗t g)(v, w)− (φ∗sg)(v, w)

t
= 0 .

The property φs ◦ φt = φs+t of the flow implies that

LKg = lim
t→0

(φ∗s+tg)(v, w)− (φ∗sg)(v, w)

t

=
d

dt
φ∗sg(v, w) = 0 .

Hence, the map s 7→ φ∗sg(v, w) has an identically vanishing derivative, which implies that
φ∗sg(v, w) is constant. It follows that φ∗sg(v, w) = φ∗0g(v, w) = g(v, w). Therefore, φ is an
isometry.

There is an even deeper connection between isometries and Killing vector fields. To state
it, we first note that the set of all Killing vector fields form a Lie subalgebra of the Lie algebra
of all vector fields on a manifold (and thus the set of Killing vector fields form a Lie algebra
themselves).

Lemma 3.12. The set of all Killing vector fields form a Lie subalgebra of the Lie algebra of all
vector fields on a manifold.

Proof. To show that the set of all Killing vector fields forms a Lie subalgebra, we need to show
that whenever K1 and K2 are Killing vector fields, the Lie bracket [K1,K2] is also a Killing
vector field. So, suppose that K1 and K2 are Killing vector fields. Then, by definition,

LK1 = LK2 = 0 .

It follows that
L[K1,K2] = [LK1

,LK2
] = 0 ,

which implies that [K1,K2] is again a Killing vector field.

Furthermore, in Lemma 3.3, we saw that the isometry group I(M) forms a Lie group, and
thus has a corresponding Lie algebra I (M). A result in [14] reveals that these Lie algebras are
closely related.

Lemma 3.13. Let M be a Lorentzian manifold. Then, the following holds:

1. The set ci(M) of all complete Killing vector fields on M is a Lie subalgebra of the set i(M)
of all Killing vector fields on M.

2. There exists a Lie anti-isomorphism I (M)→ ci(M).

Proof. See [14, page 255].
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3.3 Example: the two-sphere

To illustrate the relation between isometries and Killing vector fields, we will check that
Lemma 3.13 holds for M = S2. First, we note that the isometry group of the two-sphere
is given by the three-dimensional orthogonal group, i.e., I(S2) = O(3) (for a proof, see, for
example, [14]). Next, we note that the Lie algebra of O(3) is given by so(3); so, I (S2) = so(3).
The lemma now tells us that ci(S2) ∼= so(3). To show that this is indeed the case, we calculate
the Killing vector fields of the two-sphere.

Lemma 3.14. The two-sphere admits exactly three linearly independent Killing vector fields,
given by

K1 = ∂φ , (3.4a)

K2 = cos(φ)∂θ − cot(θ) sin(φ)∂φ , (3.4b)

K3 = − sin(φ)∂θ − cot(θ) cos(φ)∂φ . (3.4c)

These vector fields satisfy [K1,K2] = K3, [K2,K3] = K1, [K3,K1] = K2.

Proof. For the first part, let K be a Killing vector field of the two-sphere. Recall that the metric
of the two-sphere is given by

ds2 = dθ2 + sin2(θ)dφ2 ,

i.e., gθθ = 1, gθφ = gφθ = 0, gφφ = sin2(θ). Plugging this into (3.3), we obtain for K =
Kθ∂θ +Kφ∂φ

LKgθθ = 2∂θK
θ = 0 ,

LKgθφ = LKgφθ = ∂φK
θ + sin2(θ)∂θK

φ = 0 ,

LKgφφ = 2 sin(θ) cos(θ)Kθ + 2 sin2(θ)∂φK
φ = 0 .

From the first equation, we immediately see that Kθ = Kθ(φ). Plugging this into the second
and third equation, we obtain

∂φK
θ(φ) + sin2(θ)∂θK

φ = 0 , (3.5a)

Kθ(φ) cos(θ) + sin(θ)∂φK
φ = 0 . (3.5b)

If we differentiate the first equation with respect to φ, the second with respect to θ and note
that ∂φ∂θ = ∂θ∂φ, the equations (3.5) imply

∂2φK
θ(φ)− sin2(θ)∂θ

(
Kθ(φ) cot(θ)

)
= ∂2φK

θ(φ) +Kθ(φ) = 0 . (3.6)

This ordinary differential equation has general, complex solution Kθ(φ) = C exp(iφ) (C con-
stant). To obtain all real solutions, we distinguish three cases.

1. If C ≡ 0, i.e., Kθ(φ) ≡ 0 (trivial solution), equations (3.5) imply that Kφ ≡ D, where
D ∈ R is a constant. This gives K1 = ∂φ.

2. If C 6≡ 0, we note that both the real and imaginary part of C exp(iφ) are a solution to
(3.6).

(a) If Kθ(φ) = C cosφ (real part of the solution), equations (3.5) imply that Kφ =
−C cot(θ) sin(φ). This gives K2 = cos(φ)∂θ − cot(θ) sin(φ)∂φ.
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(b) If Kθ(φ) = −C sinφ (imaginary part of the solution; minus sign is necessary for the
second part of the lemma), equations (3.5) imply that Kφ = −C cot(θ) cos(φ). This
gives K3 = − sin(φ)∂θ − cot(θ) cos(φ)∂φ.

Finally, note that these vector fields are the only three real solutions to LKg = 0. So, the
two-sphere admits exactly three linearly independent Killing vector fields, given by (3.4).
For the second part, take an arbitrary f = f(θ, φ). Then,

[K1,K2]f =
(
− sin(φ)∂θ + cos(θ)∂φ∂θ − cot(θ) cos(φ)∂φ − cot(θ) sin(φ)∂2φ

− cos(φ)∂θ∂φ + cot(θ) sin(φ)∂2φ
)
f

=
(
− sin(φ)∂θ − cot(θ) cos(φ)∂φ

)
f

= K3f .

So, [K1,K2] = K3. Similar calculations show that [K2,K3] = K1 and [K3,K1] = K2.

In particular, we see that the Killing vector of the two-sphere fields satisfy the same com-
mutation relations as those of so(3). This shows that ci(S2) ∼= so(3). So, we obtain that
I (S2) ∼= ci(S2), as was expected from Lemma 3.13.
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4 Foliations

In this chapter we define the notion of a foliation and provide the relevant background for
the existence of a foliation through the fundamental Frobenius Theorem in differential topology.
Informally, one can think of a foliation of a manifold as a decomposition into submanifolds. In
precise terms the definition reads as follows:

Definition 4.1. A k-dimensional foliation F of a n-dimensional manifold M is a collection
{Li}i∈I of disjoint, connected, (injectively) immersed k-dimensional submanifolds of M , called
the leaves of the foliation, such that:

(i)

⋃
i∈I

Li = M .

(ii) In a neighbourhood of each p ∈M there is a chart
(
U, x = (x1, ..., xn)

)
such that for each

leaf Li, the components U ∩Li are described by the equations xk+1 = ck+1, ..., x
n = cn,

where the ci are constants depending on Li.

Example 4.2. Let M = R3. Then, M can be foliated by:

• Two-dimensional planes given by {(x, y, z) ∈ R3 : y = c} for any constant c ∈ R.

• Two-spheres centered around the origin. Note that in this case, the origin is a degenerate
point of the foliation.

Figure 1: Examples of foliations of R3. The left figure shows a foliation by planes {y = constant}.
The right figure shows a foliation by two-spheres. Note that the origin is a degenerate point of
the foliation.

In order to state the Frobenius Theorem, we need to recall a few definitions from differential
geometry.

Definition 4.3. Let M be a manifold. A distribution D of rank k on M is a rank-k subbundle
of the tangent bundle TM . It is generally described by specifying for each p ∈M a k-dimensional
subspace Dp ⊆ TpM and letting D =

⋃
p∈M Dp.

The distribution is called smooth if each p ∈ M has a neighbourhood U on which there are k
vector fields X1, ..., Xk : U → TM such that X1|q, ..., Xk|q form a basis for Dq at each q ∈ U .
A vector field X on M is said to lie in the distribution D (X ∈ D) if Xp ∈ Dp for each p ∈M .
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Definition 4.4. A smooth distribution D is called involutive if for all vector fields X,Y ∈ D ,
the Lie bracket [X,Y ] also lies in the distribution.

Definition 4.5. Let D ⊂ TM be a smooth distribution. A nonempty, immersed submanifold
N ⊂M is called an integral manifold of D if TpN = Dp at each p ∈ N .

We are now in a position to state (a version of) Frobenius’ theorem, which is useful for
proving something is a foliation.

Theorem 4.6 (Frobenius). Let D be a k-dimensional, smooth, involutive distribution on a
n-dimensional manifold M , and let p ∈ M . Then, there exists an integral manifold of D
passing through p. Indeed, there exists a chart

(
U, x = (x1, ..., xn)

)
around p such that the slices

xk+1 = ck+1, ..., x
n = cn (ci constants) are integral manifolds of D .

Proof. See [19, Theorem 1.60]
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5 Birkhoff’s theorem

The main goal of this chapter is to prove Birkhoff’s theorem.

Theorem 5.1 (Birkhoff, 1923). Any C2 solution of the vacuum Einstein equations, which
is spherically symmetric in an open set U , is locally isometric to the maximally extended
Schwarzschild solution in U .

The proof will be along the following lines:

1. Using the definition of spherical symmetry, we show that a spherically symmetric Lorentzian
manifold can be foliated by two-spheres.

2. Using the foliation, we show that the metric will locally take the form

ds2 = dτ2(t, r) + Y 2(t, r)dΩ2 ,

where dτ2 is an indefinite metric on a surface and dΩ2 = dθ2 + sin2 θdφ2 is the metric of
the two-sphere.

3. Finally, we use the vacuum Einstein equations to arrive at the Schwarzschild metric in
Eddington-Finkelstein coordinates.

5.1 Spherical symmetry

First, we need to define what a spherically symmetric Lorentzian manifold is. As one would
expect, we will call a Lorentzian manifold spherically symmetric if its metric is invariant under
rotations (which are exactly the symmetries of a sphere). The special orthogonal group SO(3)
consists of these rotations, hence the following definition.

Definition 5.2. A 4-D Lorentzian manifold M is called spherically symmetric if its isometry
group contains a subgroup G isomorphic to SO(3), such that the group orbits of G are two-
spheres.

Remark 5.3. As stated in Lemma 3.3, the isometry group I(M) is a Lie group. So, the
isomorphism between G and SO(3) is an isomorphism of Lie groups, i.e., a diffeomorphism
which is also a group homomorphism.

Remark 5.4. There is another way of motivating the above definition of spherically symmetric
Lorentzian manifolds, namely by using world-lines. For more details on this, we refer to [10,
Appendix B].

Theorem 5.5. A spherically symmetric 4-D Lorentzian manifold M can be foliated by two-
spheres.

Proof. Denote by G be the subgroup of the isometry group of M isomorphic to SO(3). We
will prove that M can be foliated by the orbits of G, which are two-spheres, by checking the
conditions of Definition 4.1.

The orbits are disjoint, for if a ∈ G(p) ∩ G(q) 6= ∅, then a = gp = hq for some g, h ∈ G. This
implies that p = g−1hq ∈ G(q), which shows that G(p) ⊆ G(q). Similarly, G(p) ⊇ G(q), which
means that G(p) = G(q).

The orbits are connected, as the orbits are two-spheres.

The orbits are immersed submanifolds. To show this, note that the natural action of G on M
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is smooth by Lemma 3.3. Now recall that if a Lie group acts smoothly on a manifold, its orbits
are immersed submanifolds (for a proof of this statement, see [13, Chapter 21]).

The orbits cover M , i.e.,
⋃
p∈M G(p) = M , as every point q ∈M lies in its orbit G(q).

The most difficult part is showing that condition (ii) of Definition 4.1 holds. To show this, we
first (again) note that the natural action of G ×M → M is smooth by Lemma 3.3. As G is
isomorphic as Lie groups to SO(3), the natural action of SO(3)×M →M will also be smooth.
Next, we note that Ip ∼= S1 (or Ip ∼= SO(3) in the case of degenerate two-spheres, i.e., points).
This follows from the fact that for any group H, H/Ip ∼= H(p) and from the fact that the orbits
of the action of G are two-spheres. In particular, we have G/S1 ∼= S2 (and G/SO(3) ∼= {id} for
degenerate two-spheres).
We now note that the tangent spaces of the orbits define a distribution on M , i.e., we define
D =

⋃
p∈M Dp by setting Dp = Tp(G(p)) = Tp(S

2) ⊆ TpM for all p ∈ M . It is immediate that
this is a 2-dimensional, smooth distribution. It is also involutive. To prove this, we recall that if
a Lie group acts smoothly on a manifold, its orbits are immersed submanifolds (in our case, the
orbits are even embedded submanifolds, as G ∼= SO(3) is compact). Furthermore, if X1 and X2

are vector fields tangent to an immersed submanifold, their Lie bracket [X1, X2] is also tangent
to this immersed submanifolds. (Proofs of both these statements can be found in [13, Chapters
21 and 8].) This shows that D is a 2-dimensional, smooth, involutive distribution on M .
We now invoke Frobenius’ Theorem (Theorem 4.6), which tells us that there exists a chart(
U, x = (x1, ..., x4)

)
around p such that the slices x3 = c3, x4 = c4 (c3, c4 constants) are integral

manifolds of D . However, integral manifolds of D were defined as submanifolds N ⊂ M which
satisfy TpN = Dp. As our distribution satisfies Dp = Tp(G(p)), this means that for each orbit
G(p), the components U ∩G(p) are described by the equations x3 = c3, x4 = c4, which is exactly
requirement (ii) from Definition 4.1.

This shows that a 4-D Lorentian manifold can be foliated by the orbits of G, i.e., two-spheres,
which completes the proof.

Remark 5.6. Note that this theorem does not imply that every point in the manifold will lie
on a two-sphere. It might happen that a point is a degenerate point of the foliation, e.g., the
point is in the center of spheres. An illustration of such a situation is given in Figure 1, where
the origin is a degenerate point of the foliation of R3 by two-spheres.

Alternative approach to spherical symmetry

There is another way to define spherical symmetry, namely to use the notion of Killing
vector fields. Recalling the corresponding between the isometry group and Killing vector fields
as stated in Lemma 3.13, the second definition of spherical symmetry reads:

Definition. A 4-D Lorentzian manifold is called spherically symmetric if the Lie algebra of
its Killing vector fields has a subalgebra which is isomorphic to so(3).

To prove that spherically symmetric 4-D Lorentzian manifolds can be foliated by two-spheres,
we need a slightly different version of Frobenius’ Theorem.

Theorem (Frobenius). If a set of vector fields, defined in a region U of a manifold M , has
a commutator which closes (i.e., the commutator of any two vector fields in the set is a linear
combination of the other vector fields), then the integral curves of the vector fields mesh to form
a foliation.

Proof. See [17, Section 3.8].
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Theorem. A spherically symmetric 4-D Lorentzian manifold can be foliated by two-spheres.

Sketch of proof. Recall that the Killing vector fields of the sphere are given by (3.4). In Lemma
3.14 it was shown that these vector fields satisfy the same commutation relations as so(3).
Note that these vector fields can be extended to the whole manifold. By Frobenius’ Theorem,
the integral curves of the Killing vector fields (3.4) will fit together to describe submanifolds,
which in this case are two-spheres. So, we conclude that a spherically symmetric 4-D Lorentzian
manifold can be foliated by two-spheres.

5.2 The metric in the foliation

Now that we know that 4-D spherically symmetric Lorentzian manifolds can be foliated by
two-spheres, we can calculate the metric in the foliation. We will show that, locally, the metric
can be ‘separated’ to the form

ds2 = dτ2(t, r) + Y 2(t, r)dΩ2 , (5.1)

where dτ2 is an indefinite metric on a surface and dΩ2 = dθ2 + sin2 θdφ2 is the metric of the
two-sphere.
One might hope that the foliation will immediately give global coordinates in which the metric
takes the form (5.1), but this is unfortunately not the case. The foliation only gives rise to
local coordinates in an open neighbourhood U , which we denote by (t, r, θ, φ), such that in the
intersection of U and a sphere

ds2(t0, r0, θ, φ) = Y 2(t, r)dΩ2 (5.2)

for fixed t0, r0, and
ds2(t, r, θ0, φ0) = dτ2(t, r) (5.3)

for fixed θ0, φ0. In general, cross terms of the form dtdθ, dtdφ, drdθ, drdφ may occur. Fortu-
nately, though, it is possible to pick the coordinates t and r in such a way that all cross terms
must vanish, as the next theorem proves. It follows a proof given in [16, §1].

Theorem 5.7. For a spherically symmetric 4-D Lorentzian manifold, the metric will locally
take the form ds2 = dτ2(t, r) + Y 2(t, r)dΩ2.

Proof. In Theorem 5.5, we saw that a spherically symmetric 4-D Lorentzian manifold can be
foliated by two-spheres. This means that, given a sphere S in the foliation and a point p ∈ S,
there exists a chart

(
U, x = (t, r, θ, φ)

)
such that U ∩ S is described by the equations {t, r =

constant}. We will now prove that at every point p ∈ S there exists an orthogonal surface, given
by {θ, φ = constant}, which is orthogonal to all ‘nearby’ spheres (see Lemma 5.8). Then, we
will prove that this orthogonal surface maps the spheres conformally (i.e., in an angle-preserving
way) upon each other (see Lemma 5.9). It then follows that the metric will locally take the form
ds2 = dτ2(t, r) + Y 2(t, r)dΩ2.

Lemma 5.8. At every point p ∈ S there exists an orthogonal surface, which is orthogonal to all
‘nearby’ spheres.

Proof. Let p ∈ S. To prove the statement, we define the two-dimensional surface

Op = {m ∈M | there is a geodesic γ passing through m such that γ(0) = p ∈ S, γ̇(0) = v ∈ T⊥p S} .

Note that this surface might not be globally defined: this is only the case if the manifold is
geodesically complete. If the manifold is not geodesically complete, the surface Op will only be
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locally defined. We will show that this surface is orthogonal to all nearby spheres (nearby in
the sense that the geodesics reach these spheres).
Furthermore, there is also a one-dimensional group of rotations Ip that keeps p fixed, namely
the isotropy group of p (for existence of this group, see the proof of Theorem 5.5).
First, we note that Op will be left invariant by Ip. To see this, note that spheres in the foliation
passing through two different points of Op can have no point in common. This is the case as
in a neighbourhood of the point p, the manifold will be the topological product of S and Op.
Equivalently, there are no different points of Op lying in the same sphere. Now suppose, for
the sake of contradiction, that there are two vectors v, w ∈ T⊥p S that can be transformed upon
each other by an element of Ip. Then, the two geodesics γ, γ̃ ∈ Op which satisfy γ̇(0) = v and
˙̃γ(0) = w, are also transformed upon each other. However, this means that there are multiple
points of Op which lie in the same sphere, a contradiction. So, we conclude that Ip leaves fixed
any v ∈ T⊥p S, which in particular implies that Ip leaves Op fixed.
Next, we prove that Op is also orthogonal to nearby spheres. To show this, let q ∈ Op (q 6= p),

which means that q ∈ S̃, for a different sphere S̃ in the foliation. Let u ∈ TqOp. We will show

that u is orthogonal to S̃. First, note that u is kept fixed by Ip, as Op is kept fixed by Ip. Next,

we write u = u1 + u2 where u1 ∈ TqS̃ and u2 ∈ T⊥q S̃. Then, u2 is kept fixed by Ip, because u2
is tangent to a point on a geodesic in Op, and Op is kept fixed by Ip. On the other hand, u1
is not kept fixed by Ip. To see this, note that Ip ⊆ Iq, because Ip leaves Op fixed and q ∈ Op.
As Iq does not leave vectors of the tangent space TqS̃ fixed, we conclude that Ip also does not

leave vectors in TqS̃ fixed, in particular u1 is not kept fixed by Ip. This must mean that u1 = 0,

from which it follows that u = u2 ∈ T⊥q S̃. This shows that the surface Op is indeed orthogonal
to other nearby spheres.

Lemma 5.9. The orthogonal surfaces map the spheres conformally upon each other.

Proof. Pick two different, sufficiently close spheres S and S̃ in the foliation, and a point p ∈ S.
By the previous lemma, there exists a surface Op at the point p which is orthogonal to both
spheres. We now define a map

f : S → S̃ ,

p 7→ f(p) := Op ∩ S̃ .

We make a few observations about f :

• The map f is well-defined. Indeed, in the previous Lemma 5.8, we showed that there are
no different points of Op lying in the same sphere. Therefore Op ∩ S̃ consists of only one
point, which means that f is well-defined.

• The map f is a local diffeomorphism. To see this, note that the map f sends the point p
along a geodesic through Op to the sphere S̃. Equivalently, we can think of f(p) in terms
of the exponential map

expp : D →M

v 7→ γv(1)

Here, we denote D = {v ∈ T⊥p S | inextendible geodesic γv is defined on at least [0,1]}. In

this case, the initial speed v ∈ T⊥p S determines which sphere will be reached. The point
f(p) will then correspond with expp(v) = γv(1). As the map expp is a local diffeomorphism
(see [14, page 71]), we conclude that f is a local diffeomorphism on its image.
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• One might think that the domain of f is not the whole sphere S, as the foliation only
provides coordinates in the neighbourhood U∩S. However, because the sphere is compact,
it is possible to extend the domain of f to the whole of S.

• The map f is invariant under Ip. Indeed, suppose A ∈ Ip, then

Af(p) = A(Op ∩ S̃)
∗
= Op ∩ S̃ = f(p) = fA(p) (5.4)

where in ∗ we used that Ip leaves Op, and thus Op∩ S̃ invariant (see previous Lemma 5.8).

To prove the lemma, pick a rotation A, induced on TpS by an element in Ip, such that
(
e1, e2 :=

Ae1
)

is a basis of TpS.1 Then,
(
df(e1),df(e2)

)
is a basis of Tf(p)S̃, because f is a local

diffeomorphism and the differential df is linear. We now note that df maps a basis of vectors
of equal norm into a basis of vectors of equal norm. Indeed, by differentiating (5.4), we obtain
df(e2) = df(Ae1) = Adf(e1). This means that gp(ei, ei) = c2gf(p)(dfei,dfei) for all basis
vectors ei and a certain function c, which we call the conformal factor. Note that the polarization
identity

gp(e1, e2) =
1

2

(
‖ e1 + e2 ‖2 gp

( e1 + e2
‖ e1 + e2 ‖

,
e1 + e2
‖ e1 + e2 ‖

)
− gp(e1, e1)− gp(e2, e2)

)
implies that gp(ei, ej) = c2gf(p)(dfei,dfej) for all basis vectors ei, ej . Then, by linearity of
df and the metric g, it follows that f preserves angles. Indeed, let v, w ∈ TpS and write
v = v1e1 + v2e2, w = w1e1 + w2e2. Then, the ‘cos-angle’ between v and w is given by

gp(v, w)√
|gp(v, v)gp(w,w)|

=

∑
i,j viwjgp(ei, ej)√

|
(∑

i,j vivjgp(ei, ej)
)(∑

i,j wiwjgp(ei, ej)
)
|

=
c2
∑
i,j viwjgf(p)(df(ei),df(ej))√

|
(
c2
∑
i,j vivjgf(p)(df(ei),df(ej)

)
)
(
c2
∑
i,j wiwjgf(p)(df(ei),df(ej)

)
|

=

∑
i,j viwjgf(p)(df(ei),df(ej))√

|
(∑

i,j vivjgf(p)(df(ei),df(ej)
)
)
(∑

i,j wiwjgf(p)(df(ei),df(ej)
)
|

=
gf(p)(df(v),df(w))√

|gf(p)(df(v),df(v))gf(p)(df(w),df(w))|
,

which is exactly the ‘cos-angle’ between df(e1),df(e2) ∈ Tf(p)S̃. Finally, we note that the
conformal factor is the same for all maps of basis vectors of Tp′S, for any p′ ∈ S. To see this,
we first note that hf(p) = fh(p) for all h ∈ G ∼= SO(3), as

hf(p) = h(Op ∩ S̃) = Oh(p) ∩ S̃ = f(h(p))

Then, we compose the map between Tp′S and Tf(p′)S̃ as follows:

Tp′S
h−→ Th(p′)S = TpS

f−→ Tf(p)S̃
h−1

−−→ Th−1(f(p))S̃ = Tf(h−1(p))S̃ = Tf(p′)S̃

where h(p′) = p is an isometry of G ∼= SO(3). This proves that the map f is indeed a conformal
map.

1Strictly speaking, the notation Ae1 is ill-defined as A : M → M and e1 ∈ TpM . When we write Ae1 we will
always mean the rotation A induced on the tangent space.
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Proposition 5.10. For a spherically symmetric 4-D Lorentzian manifold, the metric (5.1) can
be brought to the form

ds2 = W (u, r)du2 + 2X(u, r)dudr + Y 2(u, r)dΩ2 (5.5)

through a coordinate transformation, where X 6= 0.

Proof. By the previous Theorem 5.7, we see that the metric takes the form

ds2 = A(t, r)dt2 + 2B(t, r)dtdr + C(t, r)dr2 + Y 2(t, r)dΩ2 (5.6)

Note that this metric has eigenvalues λ1,2 = A+C
2 ±

√(
A+C

2

)2 − (AC −B2), λ3 = Y 2, λ4 =

Y 2 sin2(θ). As the metric must be Lorentzian, one of the eigenvalues must be negative, and the
other three positive. Hence, the functions A,B,C must satisfy −AC + B2 > 0. Now, define

D = D(t, r) through C = 2BD −AD2, i.e., D(t, r) = B
A ±

√
B2−AC
A . Then, the metric reads

ds2 = Adt2 + 2Bdtdr + (−AD2 + 2BD)dr2 + Y 2dΩ2

= Adt2 + (2AD + 2B − 2AD)dtdr + (AD2 − 2AD2 + 2BD)dr2 + Y 2dΩ2

= A(dt+Ddr)2 + 2(−AD +B)(dt+Ddr)dr + Y 2dΩ2

Now, we want to choose a new coordinate u = u(t, r) such that

du =
∂u

∂t
dt+

∂u

∂r
dr

= f(dt+Ddr) (5.7)

for some f = f(t, r) 6= 0. Recall that a differential of the form A(t, r)dt+B(t, r)dr is exact (i.e.,
there exists a u such that du = A(t, r)dt+B(t, r)dr) if and only if ∂A∂r = ∂B

∂t . In order to achieve

(5.7), we thus need to define f through ∂f
∂r = ∂(fD)

∂t (solving this partial differential equation for
f is possible using the method of characteristics). We conclude that f(dt + Ddr) is an exact
differential, i.e., there exists a u = u(t, r) such that du = f(dt+Ddr). Finally, define W = A

f2

and X = −AD+B
f to obtain the form (5.5). Note that this metric is indeed Lorentzian for any

W , since X 6= 0 (as −AD + B = ∓
√
B2 −AC and B2 − AC > 0). Indeed, the eigenvalues are

given by λ1,2 = W
2 ±

√(
W
2

)2
+X2, λ3 = Y 2, λ4 = Y 2 sin2 θ.

5.3 Calculating the Einstein equations

A spacetime is modeled by a 4-D Lorentzian manifold satisfying the Einstein equations.
From Proposition 5.10, we know a general form of the metric in a 4-D spherically symmetric
Lorentzian manifold, namely

ds2 = W (u, r)du2 + 2X(u, r)dudr + Y 2(u, r)dΩ2 ,

where X 6= 0. We can therefore calculate the metric components of a spherically symmetric
solution of the vacuum Einstein equations (2.7).
First, we note that the only five non-zero components of the metric g are given by

guu = W ,

gur = gru = X ,

gθθ = Y 2 ,

gφφ = Y 2 sin2(θ) ,
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which implies non-zero components of the inverse metric tensor g−1 by gµνgνα = δµα,

gur = gru =
1

X
,

grr = −W
X2

,

gθθ =
1

Y 2
,

gφφ =
1

Y 2 sin2(θ)
.

We calculate the non-vanishing Christoffel symbols using (2.1),2

Γuuu =
1

X
(∂uX −

1

2
∂rW ) , Γuθθ = − 1

X
Y ∂rY ,

Γuφφ = sin2(θ)Γuθθ , Γruu =
1

2X2

(
(∂rW − 2∂uX)W +X∂uW

)
,

Γrur = Γrru =
1

2X
∂rW , Γrrr =

1

X
∂rX ,

Γrθθ =
1

X2
(W∂rY −X∂uY )Y , Γrφφ = sin2(θ)Γrθθ ,

Γθuθ = Γθθu = Γφuφ = Γφφu = ∂u(log Y ) =
1

Y
∂uY ,

Γθrθ = Γθθr = Γφrφ = Γφφr = ∂r(log Y ) =
1

Y
∂rY ,

Γθφφ = − sin(θ) cos(θ) , Γφθφ = Γφφθ =
1

tan(θ)
.

Using (2.2), we can calculate the components of the Riemann tensor. Instead of providing the
full (long) list of components of the Riemann tensor, we present here only the non-vanishing
components of the Ricci tensor, calculated via (2.3).

Ruu =
1

2X3Y

(
WXY ∂2rW − 2WXY ∂r∂uX + 2WX∂rW∂rY

− 4WX∂uX∂rY −WY ∂rW∂rX + 2WY ∂uX∂rX

− 4X3∂2u + 2X2∂uW∂rY − 2X2∂rW∂uY + 2X2∂uX∂uY
)
,

(5.8)

Rur =
1

2X2

(
− Y ∂rW∂rX + 2Y ∂uX∂rX +XY ∂2rW − 2XY ∂r∂uX

− 4X2∂r∂uY + 2X∂rW∂rY
)
,

(5.9)

Rrr =
2

XY

(
−X∂2rY + ∂rX∂rY

)
, (5.10)

Rθθ =
1

X3

(
WXY ∂2rY +WX(∂rY )2 −WY ∂rX∂rY +X3 − 2X2∂r∂uY

− 2X2∂uY ∂rY +XY ∂rW∂rY
)
,

(5.11)

Rφφ = Rθθ sin2(θ) . (5.12)

With these preparations, we are now able to solve the vacuum Einstein equations, Rµν = 0.

2The Christoffel symbols were calculated by hand and verified with Python. The Ricci tensor was only
calculated using Python.
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Proof of Theorem 5.1. To solve the vacuum Einstein equations, we first note that expression
(5.10) can also be written as

Rrr =
−2X

Y
∂r

(
∂rY

X

)
.

Since a Lorentzian metric must satisfy X 6= 0 (see proof of Proposition 5.10), Rrr = 0 implies
that ∂rY = 0 or X = h(u)∂rY (with h(u) non-vanishing). In the first case, equation (5.11)
implies that 1 = 0; a contradiction. Hence, we conclude that ∂rY 6= 0 and X = h(u)∂rY . As
dY = ∂uY du+ ∂rY dr, we can write the metric (5.5) with coordinates (u, Y ) instead of (u, r):

ds2 = (W − 2h∂uY )du2 + 2hdudY + Y 2dΩ2 .

We now change coordinates again. Define ũ as the solution of the ordinary differential equation
∂ũ
∂u = h(u) and set r̃2 = Y 2. Then, dũ = hdu and dr̃ = ±dY . So, the metric transforms to

ds2 = W̃dũ2 ± 2dũdr̃ + r̃2dΩ2 .

Note that this coordinate representation of the metric tensor g is still of the form (5.5). Hence
the expressions (5.8)− (5.12) are valid accordingly with ũ, r̃ instead of u, r.
In particular, Rθθ = 0 reads

W̃ + 1 + r̃∂r̃W̃ = 0.

Note that this can be rewritten as
∂r̃W̃

W̃ + 1
=
−1

r̃
,

i.e.,

∂r̃
(

log(W̃ + 1)
)

= −∂r̃
(

log(r̃)
)

= ∂r̃
(

log(
1

r̃
)
)
.

Integration implies that

W̃ (ũ, r̃) =
2M(ũ)

r̃
− 1

where M(ũ) is a function only depending on ũ. Finally, by substituting W̃ into Rũũ = 0, we
obtain

1

r̃2
dM(ũ)

dũ
= 0.

Therefore, M must be constant.
At this point, we have obtained the following metric:

ds2 = −
(

1− 2M

r̃

)
dũ2 ± 2dũdr̃ + r̃2dΩ2

This is exactly (2.9), the Schwarzschild metric in Eddington–Finkelstein coordinates, which
concludes the proof of Birkhoff’s theorem.

5.4 Comparison with other proofs

Although Birkhoff’s theorem appears in many books on general relativity, the preciseness of
the statement and the extent of the proof vary a lot. Some books only provide the statement,
others also provide a ‘physical’ proof (in the sense that the proof is not mathematically rigorous,
which usually means that the proof starts from the expression (5.1); this applies to the first
proofs, as mentioned in the introduction), while only a few provide a full proof. Among the
most well-known who provide the full proof are The large scale structure of space-time by
Hawking and Ellis [10] and Spacetime and Geometry by Carroll [4]. In this section, we will
briefly compare those proofs with the one given in this thesis.
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Hawking and Ellis

The proof given by Hawking and Ellis is the most mathematical one. Unfortunately, it is
also one of the shortest, because it omits a lot of details. It starts off by defining spherical
symmetry in the same way as Definition 5.2. From this definition, they immediately proof that
the metric can be written as (5.1), by proving Theorem 5.7 in the reverse way as our proof (they
first prove that the orthogonal surfaces map the trajectories (i.e., group orbits) conformally
upon each other, and then they show that one can pick the group orbits to be the surfaces
{t, r = constant}). At this point, they continue in a different way: instead of eliminating the
function C in (5.6), they eliminate the function B. As a consequence, they must distinguish
between the cases r > 2M and r < 2M in the Proof of Theorem 5.1, and show that these
patches can be joined together to form part of the maximally extended Schwarzschild solution.
In this sense, the proof given in this thesis might be simpler, because we need not worry about
the coordinate singularity at r = 2M .

Carroll

The proof by Carroll follows the proof in this thesis for the first and second part, i.e., it begins
by proving spherically symmetric Lorentzian manifolds can be foliated by two-spheres, and then
calculates the metric. Furthermore, it uses the alternate definition of spherical symmetry with
Killing vector fields. The only downside to this proof is that it is not mathematically rigorous: it
does not properly define the concept of a foliation, etc. As a result, the proof contains some steps
which need further mathematical justification. After arriving at (5.6), Carroll also eliminates
the function C, and claims that one can perform a coordinate transformation such that the
function Y can be replaced with r by inverting Y (t, r). It is, however, not clear to the writer
if this is always possible, because this requires Y (−, r) to be bijective, and at that point in the
proof, there is no restriction on Y . This would suggest that r might only be locally defined.
Finally, Caroll ends by applying the vacuum Einstein equations in the same way as Hawking
and Ellis to arrive at the Schwarzschild metric in Schwarzschild coordinates.
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6 Consequences of Birkhoff’s theorem

Before we state any consequences of Birkhoff’s theorem, we define the notion of a stationary
and static spacetime. Informally, one can think of a stationary spacetime as one in which an
object does exactly the same thing at every time. In a static spacetime, the object does nothing
at all. Formally, the definitions read as follows.

Definition 6.1. A metric is called stationary if it possesses a Killing vector field that is
timelike near infinity.

Definition 6.2. A metric is called static if it possesses a timelike Killing vector field which
is orthogonal to a family of spacelike surfaces, or equivalently, if it is stationary and invariant
under time reversal.

Note that every static metric is necessarily stationary.

Example 6.3.

• The exterior Schwarzschild solution (2.8) and the Reissner–Nordström solution (2.10) are
static. They possess the timelike Killing vector field K = ∂t which is orthogonal to the
spacelike surfaces {t = constant}. Equivalently, both (2.8) and (2.10) are invariant under
time reversal t → −t. Note that on the interior, the roles of t and r switch, so that the
Killing vector field becomes spacelike. As a result, the maximally extended Schwarzschild
solution is not static.

• The Kerr solution (2.11) is stationary, but not static. Indeed, it possesses the timelike
Killing vector field K = ∂t, but it is not invariant under time reversal t→ −t.

Remark 6.4. There is also the notion of an asymptotically flat space, which, informally,
means that the metric of the system approaches the Minkowski metric at large distances from
the system. Examples of such metrics include the Schwarzschild, Reissner-Nordstöm and Kerr
solution. For more details, and a formal definition, we refer to [10, Section 6.9].

It is clear that Birkhoff’s theorem implies that any spherically symmetric solution of the
vacuum Einstein equations is static and asymptotically flat on its exterior part, as the exterior
Schwarzschild solution is static and asymptotically flat. This has two interesting consequences.
For the first one, consider, for instance, a pulsating (or expanding, collapsing, etc.) spherically
symmetric star. Then, Birkhoff’s theorem tells us that, although the star can produce non-static
gravitational fields inside its mass, there can escape no gravitational radiation into empty space,
as the exterior part of the solution is static. In particular, a spherically pulsating star cannot
emit gravitational waves.
For the second consequence, note that Birkhoff’s theorem can also be applied to the gravitational
field inside an empty spherical cavity at the center of a spherically symmetric body. Then, the
metric must also be given by the Schwarzschild solution. As the point r = 0 is now in empty
space, there can be no singularity, which is only possible if M = 0. This means that the metric
inside the cavity must be the Minkowski metric (unfortunately, stars do not have holes in their
center, so this consequence does not have any real physical meaning).
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7 Generalizations of Birkhoff’s theorem

There are many generalizations of Birkhoff’s theorem. In this chapter, we will give a short
overview of what types of generalizations are possible.

Lower regularity. In the proof of Birkhoff’s theorem, we assumed that the solution is twice
continuously differentiable. We did this, because we need to calculate the Ricci tensor, which
consists of second derivatives of the metric. It turns out that it is also possible to assume
a weaker regularity of the solution: if one only assumes that the solution is continuous and
piecewise differentiable, Birkhoff’s theorem will also hold. This result is proven in [2].

Inclusion of cosmological constant. In Section 2.2 we set the cosmological constant Λ to
zero. If we do not do this, an analogue of Birkhoff’s theorem still holds. In this case, one does
not arrive at the Schwarzschild solution, but at the so-called Nariai metric, which in Vaidya
form is given by

ds2 = −(1− Λr2)du2 ± 2dudr +
1

Λ
dΩ2

or the Schwarzschild(-anti)–de Sitter metric, which in Vaidya form is given by

ds2 = −
(

1− 2M

r
− Λ

3
r2
)

du2 ± 2dudr + r2dΩ2

It should be noted that an analogue of the Nariai solution does not arise in the case Λ = 0,
because in that case one obtains a contradiction in the Proof of Theorem 5.1 (the Nariai solution
arises from the case ∂rY = 0). For more details, we refer to [15].

Inclusion of electromagnetic field. In Section 2.3, we discussed the Schwarzschild solution
and its analogues for electrically charged and rotating bodies. One might hope that for both
these cases an analogue of Birkhoff’s theorem holds, but this is not the case. Only for the case
of electrically charged bodies an analogue holds, namely that the unique, spherically symmetric
solution of the Einstein-Maxwell equations is the Reissner-Nordström solution. For a proof, see,
for instance, [5, Section 18.1]. In the case of a rotating body, an analogue of Birkhoff’s theorem
does not hold: the metric will only asymptotically approach the Kerr solution. For more details,
see, for example [18].

Almost spherical symmetry and almost vacuum. Birkhoff’s theorem assumes that an
object is perfectly spherically symmetric and that the spacetime is perfectly vacuum. However,
in reality, there will be no object which is perfectly spherically symmetric and no spacetime
which is perfectly vacuum. A natural question would be if an analogue of Birkhoff’s theorem
also holds for almost spherically symmetric bodies and almost vacuum spacetimes. That this is
indeed the case, is shown in [8] and [9].

Lovelock gravity. Apart from Einstein’s theory of general relativity, an analogue of Birkhoff’s
theorem also holds in Lovelock’s theory of relativity, which can be thought of as a generalization
of Einstein’s theory to higher dimensions. In this case, an analogue would be that the unique,
spherically symmetric solution of the vacuum Lovelock equations is the Lovelock black hole
solution. For a precise statement and more details, we refer to [20].
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[6] Ehlers, J. and Krasiński, A. (2006). Comment on the paper by jt jebsen reprinted in gen.
rel. grav. 37, 2253–2259 (2005). General Relativity and Gravitation, 38(8):1329–1330.

[7] Eiesland, J. (1925). The group of motions of an Einstein space. Transactions of the American
Mathematical Society, 27(2):213–245.

[8] Goswami, R. and Ellis, G. F. (2011). Almost Birkhoff theorem in general relativity. General
Relativity and Gravitation, 43(8):2157–2170.

[9] Goswami, R. and Ellis, G. F. (2012). Birkhoff theorem and matter. General Relativity and
Gravitation, 44(8):2037–2050.

[10] Hawking, S. W. and Ellis, G. F. R. (1973). The large scale structure of space-time, volume 1.
Cambridge University Press.

[11] Jebsen, J. T. (1921). On the general spherically symmetric solutions of Einstein’s gravita-
tional equations in vacuo. Arkiv for Matematik, Astronomi och Fysik, 15.

[12] Johansen, N. V. and Ravndal, F. (2006). On the discovery of Birkhoff’s theorem. General
Relativity and Gravitation, 38(3):537–540.

[13] Lee, J. M. (2013). Introduction to Smooth Manifolds. Springer.

[14] O’Neill, B. (1983). Semi-Riemannian geometry with applications to relativity, volume 103.
Academic Press.

[15] Schleich, K. and Witt, D. M. (2010). A simple proof of Birkhoff’s theorem for cosmological
constant. Journal of Mathematical Physics, 51(11):112502.

[16] Schmidt, B. (1967). Isometry groups with surface-orthogonal trajectories. Zeitschrift für
Naturforschung A, 22(9):1351–1355.

[17] Schutz, B. F. (1980). Geometrical methods of mathematical physics. Cambridge University
Press.

[18] Teukolsky, S. A. (2015). The kerr metric. Classical and Quantum Gravity, 32(12):124006.

[19] Warner, F. W. (1983). Foundations of Differentiable Manifolds and Lie Groups, volume 94.
Springer Science & Business Media.

[20] Zegers, R. (2005). Birkhoff’s theorem in lovelock gravity. Journal of mathematical physics,
46(7):072502.

30


	Introduction
	Lorentzian geometry and general relativity
	Lorentzian manifolds and curvature
	Einstein equations
	Solutions to the Einstein equations
	Schwarzschild solution
	Other important exact solutions


	Isometries and Killing vector fields
	Isometries
	Killing vector fields
	Example: the two-sphere

	Foliations
	Birkhoff's theorem
	Spherical symmetry
	The metric in the foliation
	Calculating the Einstein equations
	Comparison with other proofs

	Consequences of Birkhoff's theorem
	Generalizations of Birkhoff's theorem
	Bibliography

